LEARNING MODULE

1

Exponentials, Logarithms and Compounding

One growth factor, many quotes: how returns compound, convert and add up.

VOLUME |- Calculus for Finance LEADS TO LM2 - LM3 - LM5 - LM6 - LM19 - LM29 TIME = 2h+lab

LEARNING OUTCOMES

Mastery After this module you should be able to:

(] 1 apply the laws of exponents and logarithms, including the change-of-base
rule, to growth problems, and interpret a logarithmic chart axis

() 2 calculate effective annual rates from stated rates at any compounding
frequency, and derive the continuous-compounding limit (1 + r/n)"* — e” and
the number e

(] 3 calculate and interpret holding-period, annualized and continuously
compounded returns, and convert each into the others

(] 4 calculate annualized returns from returns measured over days, weeks or
months, and explain how calendar-day and trading-day conventions change the
result

() 5 explain why log returns add across time while simple returns add across

assets, and aggregate returns correctly in each direction

(] 6 determine the time needed to reach a goal, the return required to reach it, and
the gain and time needed to recover from a drawdown

(] 7 implement a total-return pipeline in Python that computes and converts these
measures from prices and dividends
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LEARNING MODULE OVERVIEW

Growth multiplies and logarithms add. A logarithm in any base is the natural log rescaled:
0050's growth from 2014 to 2026 was In G = 2.3048, which is 3.325 doublings or 1.001 tenfold
increases.

On a log axis equal distances are equal percentage moves, so constant growth plots as a
straight line. On a linear axis 0050's January-April 2025 drawdown looks five times larger than
its 2015 decline; in log points it was 0.32 against 0.24.

A stated rate r(®) compounded n times a year has an effective annual rate of (1 + () /n)» — 1.
For a fixed quote 7" = r it rises with n toward e” — 1. The number e = 2.71828.. .. is the value
of 1 unit after a year at 100% compounded continuously.

Frequency matters more as rates rise. At Bank of Taiwan's 1.725% rate for one-year time
savings deposits, monthly compounding adds 1.4 bp; at the 15% legal cap on credit-card
revolving interest, daily compounding would add 118 bp, and Taiwan's rules forbid it.

One growth factor gives three returns: 0050 returned +902.25% in total, 21.30% a year
annualized and 19.31% a year continuously compounded. The last two are one rate quoted two
ways: 21.30% = €% — 1,

Annualizing is extrapolation. A 90-day return of 10.33% annualizes to anything from 39.9% to
50.1% depending on the convention, and Taiwan's market held about 244 sessions a year in
2015-2025, not 252.

Log returns add across time; simple returns add across positions. Averaging the log returns of
0050 and 00631L understates a 50/50 portfolio's twelve-year return by 615 percentage points.

A drawdown DD needs a gain of DD/(1 — DD) to recover, but in log points the two are equal.
After its January-April 2025 drawdown 0050 needed +37.91% and regained its peak in 99 days.

n INTRODUCTION

Every return in finance, from a deposit rate to a fund's lifetime performance, describes one quantity:

the growth factor, ending value divided by starting value. Growth compounds, so it multiplies, and the

mathematics of repeated multiplication is the exponential function and its inverse, the logarithm. This

module builds both from first principles, derives the number e from compound interest, and turns
them into conversions that practitioners perform every day. The same tools recur in every later

module, from the Taylor approximations of LM3 to the lognormal prices of LM29.
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MOTIVATING CASE One investment, three numbers

Suppose you bought Yuanta Taiwan 50 (0050) at the close of 31 October 2014 and reinvested every
cash dividend until 8 October 2026. NT$100,000 became NT$1,002,247.

Three reports describe the holding. A fact sheet says the fund returned +902%. A performance
review says it earned 21.3% a year. A backtest log says it grew at 19.3% a year.

All three are correct, and they describe the same money. Yet 21.3% and 19.3% cannot both be "the"
annual return, and neither equals 902% divided by twelve years. Which number belongs in a
client report, which belongs in a model, and how does each convert into the others? Section 4
resolves the case; Sections 2 and 3 build the tools.

Exhibit 1: 0050 from 31 October 2014 to 8 October 2026: one growth factor, three returns

Quantity Value Questionitanswers

Growth factor G (NT$100,000 — 10.0225 By what factor did the money grow?
NT$1,002,247)

Holding-period (total) return +902.25% How much was gained over the whole holding?
Annualized return, per year 21.30% Which constant return, compounded once a year,

gives the same end value?

Continuously compounded 19.31% Which constant rate, compounded continuously,

return, per year gives the same end value?

Log growth over the period 2.3048 How large was the growth on a scale where periods
add?

Source: FinMind TaiwanStockPrice and TaiwanStockDividendResult , retrieved 10 October 2026; computations in
data/1mO@1_numbers.py andthe companion notebook LMO1_lab.ipynb . Total return with cash dividends reinvested
on ex-dates and the 4-for-1 split of 18 June 2025 applied; horizon 7 = 4,360/365.25 = 11.94 years. In this module the
span between two dated closes is calendar days + 365.25. In the deposit and card examples of Section 3, interest
accrues on actual/365, and Section 4 also annualizes by sessions, 7 = T'/ A.

Section 2 develops exponents, logarithms and log-scale charts. Section 3 turns periodic interest into
effective annual rates, takes the limit of continuous compounding and arrives at e. Section 4 defines the
three return measures, converts among them and resolves the case.

Section 5 shows how returns add across time and across positions. Section 6 solves growth equations
for time, required return and drawdown recovery, using 0050's drawdowns of 2024 and 2025. Section 7
assembles the calculations in Python.
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NoTE Notation used in this module

Book-wide symbols keep their meaning in every module. R is a simple return and r = In(1 + R) a
log return, also written for any continuously compounded rate. G is a growth factor and g a log
growth rate per year. W, P;, D, and DD, are wealth, price, cash dividend and drawdown at time ¢.

T counts returns or periods, 7 is a span in years and n is the number of compounding periods per
year. i is a periodic interest rate and A the number of periods per year used to annualize. Portfolio
weights w; sum to 1.

Local symbols: (") is a stated annual rate credited n times a year; the superscript labels the
frequency and is not a power. R is the annualized return, Gp a price-only growth factor with log
growth rate gp, and 15t_1 the previous close restated per current share. d is a number of calendar
days and 7 an inflation rate. A portfolio has J positions with starting values V} o that sum to Vj; its
simple and log returns are R, and .

In the mathematics, f is the base of an exponential or logarithm. z, z, « and m are generic real
numbers, and j, k, [ and K are whole-number indices. We write = only for exact statements, ~ for
approximations whose neglected order is stated, and := for definitions.

n EXPONENTS AND LOGARITHMS

[ ] apply the laws of exponents and logarithms, including the change-of-base rule,
to growth problems, and interpret a logarithmic chart axis

Growth multiplies

Wealth grows by factors. Returns R; in the first period and R; in the second turn W, into Wy(1 +
R1)(1 + Ry). With the same return R in each of T periods,

Wr =W, (1+R)T. (1.1)

The count 7 sits in the exponent, so wealth is an exponential function of time. Doubling the number of
periods squares the growth factor instead of doubling it, which is why long-horizon numbers defy
intuition.

Laws of exponents

For a base § > 0 and real exponents x and z,

TRz _ [Ttz ﬁ: T—2 T\z _ QT2 0 _ - _
FH =B, = (B =T Bl f e

For whole-number exponents these are counting rules: 324° contains 2 + 3 factors of 8. Defining 8'/* as
the positive k-th root, and fractional powers as powers of such roots, extends them to rational
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exponents. Continuity extends them to all real exponents (stated without proof; see Stewart, Clegg and
Watson, and LM2 for continuity). Exhibit 2 gives each law a financial reading.

Logarithms

DEFINITION Logarithm

For a base 8 > 0 with 8 # 1 and a number z > 0, the logarithm log, z is the exponent to which
must be raised to give x:

loggz =2 <= p°=z=.

The natural logarithm In z := log, « uses the base e = 2.71828. . ., a constant whose origin in
compound interest is the subject of Section 3.

Because log,; undoes 3%, every law of exponents becomes a law of logarithms. For z, z > 0, write z =
B85 ® and z = £°% 7, The product law gives zz = (°8s*"1°65* which by the definition means

logs(z2) = logg x + logg 2. (1.2)

The same steps give logg(x/z) = logg x — logz z and logg 1 = 0. From z* = (ﬂlogﬂ ’”)a — Blgs follows the
power rule logs(z®) = alogg = for every real a. A logarithm turns multiplication into addition and
powers into multiples. That is why log returns add over time (Section 5) and why growth equations are
solved with logs (Section 6).

Exhibit 2: Laws of exponents and logarithms, read as finance

Exponent form
Rule Logarithm form Financial reading
Product BB = Bgrte Growth over consecutive periods multiplies; log growth

log(zz) =logz +logz adds

Quotient B*/B* = B** The log return between two dates is a difference of log
log(xz/z) =logx —logz prices

Power (B%)* = p** T periods at a constant rate: In [(1 + R)T| = T'In(1 + R)
logx® = alogz

Reciprocal g =1/p* Discounting, 1.05~! = 0.9524; a loss and the gain that
log(1/z) = —logx undoes it have opposite logs

Root Bk = /B De-annualizing: 1.01725Y/12 — 1 = 0.1426% a month
log z'/* = % log x

Change of p* = ernb Doublings in a growth factor: log, G = In G/ 1n 2

base loggz =Inz/InpB
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Change of base

Any logarithm is the natural logarithm rescaled. Since = = 5°¢: %, taking natural logs of both sides and
applying the power rule gives Inz = logg x - In 3, so

Inx
loggm = ﬁ (13)

The base is a unit of measurement, like kilometers and miles. For 0050, In G = In 10.0225 = 2.3048. In
base 2 that is 2.3048/In 2 = 3.325 doublings; in base 10 it is 2.3048/1n 10 = 1.001 tenfold increases. The
fund grew almost exactly tenfold, which is why its log growth is close to In 10 = 2.3026.

EXAMPLE 1
Splitting 0050's growth into price and dividends

0050 closed at NT$65.30 on 31 October 2014 and at NT$114.95 on 8 October 2026, after a 4-for-1 split
on 18 June 2025. It paid 22 cash dividends in between, and its total-return growth factor was G =
10.0225. Split the log growth into a price part and a dividend part, and express each in doublings.

SOLUTION

One 2014 share became four 2026 shares, so the price-only growth factor is Gp = 4 x
114.95/65.30 = 459.80/65.30 = 7.0413, a price return of +604.13%.

For each daily return, restate the previous close per current share: B_,=P_, /4 on the split day
and 15t_1 = P,_; on every other day. The total return then factors exactly as

P, + D, P Dy
14+ Ry = =t = (1+—),
Pt—l Pt—l Pt

where D, is the cash dividend on an ex-date and zero otherwise.

The price factors P;/ P, multiply to Gp; without the restatement they would multiply to Gp /4=
1.7603. Applying the product rule (1.2) to the product over all days,

D
nG=WGp+ Y I (1 i Ft) — 1.9518 + 0.3530 = 2.3048.

ex-dates ¢

Dividends supplied 15.3% of the log growth. In doublings, dividing each term by In 2: price 2.816
plus dividends 0.509 equals 3.325.

In simple returns the decomposition is multiplicative. Reinvested dividends multiplied ending
wealth by e%3%3030 = 1.423374, a dividend effect of +42.34%. The two factors compound to the total,
7.041348 x 1.423374 = 10.0225, or +902.25%. The price return of +604.13% and the dividend effect
do not add; logs make the split exact and additive.
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PITFALL Log of what, in which base

Take logs of growth factors or prices, never of returns: In(1 + R) exists for every R > —100%,
while In R fails for every loss. Check the base too: in Excel, L0G(x) is base 10 unless a base is
given and LN(x) isnatural. In Python, math.log and np.log are natural and np.logl@ is base
10. Mixing them scales every result by In 10 = 2.3026, an error that changes no signs and is easy to
miss.

Log-scale charts

A logarithmic axis places each value W at a height that rises in step with In W. Equal changes in In W
are equal distances on the page, with two consequences.

By the quotient rule, In W5 — In W; = In(W,/W7), so equal vertical distances are equal ratios. The step
from 1 to 2 is as tall as the step from 4 to 8. Constant growth W; = Wye?!, with ¢ in years, plots as the
straight line In W; = In W, + gt, by the product rule and In e = gt. Its slope is the log growth rate g.

Exhibit 3 plots 0050's total-return index on both axes, with gridlines at successive doublings and the
constant-rate path that ends at the same value.
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Exhibit 3: 0050 total-return index on a linear and a logarithmic axis, November 2014 - October

2026

— 0050 total return  --- Constant 21.3% a year
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Note: growth of 1 unit with dividends reinvested; gridlines at 1, 2, 4 and 8. The dashed path grows at a constant 21.3%
ayear and ends at the same value, 10.02. Markers show the first close at or above each doubling. Source: FinMind,
retrieved 10 October 2026; data/1mQ@1_charts.py .

On the linear axis the first six years look flat and the end looks explosive. Even the constant-rate path,
which by construction grows at the same rate every year, appears to accelerate. On the log axis that
path is a straight line, so only genuine changes in the growth rate bend the index away from it.

The doublings put numbers on the picture. The index first closed above 2 on 11 November 2020, above 4
on 4 July 2024 and above 8 on 27 April 2026. The three doublings took 6.0, 3.6 and 1.8 years.

Declines are distorted as well. The January-April 2025 decline cost 1.18 units of the index and the April-
August 2015 decline 0.23 units, a ratio of five. In percentage terms they were -27.5% and —21.0%, or 0.32
and 0.24 log points.

From Calculus to Kelly - LM1 Exponentials, Logarithms and Compounding 8/40



SRS : BEY o TEES

HEUBFEERNE > 18 220 S MR o TEHBUERLE > 1€ 17RE 2 A01E 4 5REI 8 /Y
BE—% > RS —E  BEMRRNVBEZ—IRER @ RIRMEHBMERE g - BRI
B In 2EZAEL > log, & TEATHE EBEHER) > log, B TRERTHEE+F1 » KIL
RE—EZEHME - 0050 7£ 2025 F 1 E 4 BREIRE - ERMEE LEERZ 2015 F4 E 8 A
ROEE > MAHBEHERRZ 0.32 5 0.24 - ERIAED « EBEAEFRBRE > HRAHBE
=R

i

KNOWLEDGE CHECK 1

(a) On a log-scale chart an index rises from 50 to 75 between two dates. Later it climbs the same
vertical distance starting from 120. Where does it end, and what are the two returns? (b) How
many doublings is a 1,000-fold increase?

ANSWER

(a) Equal distances are equal ratios, so it ends at 120 x 75/50 = 180; both moves are +50%. (b)
log, 1000 = In 1000/ In 2 = 6.9078,/0.6931 = 9.97 doublings, just under ten because 2! = 1,024.

n COMPOUNDING FREQUENCY AND THE NUMBERE

[ ] calculate effective annual rates from stated rates at any compounding
frequency, and derive the continuous-compounding limit (1 + r/n)" — " and
the numbere

Simple and compound interest

Under simple interest, interest accrues on the principal only, so wealth grows linearly: W, = Wy (1 +
i) after 7 years at an interest rate i per year. Under compound interest credited yearly, interest joins
the balance and earns interest itself, which gives the exponential growth of (1.1): W, = Wy(1 +4)". For a
positive rate the two agree at 7 = 0 and 7 = 1; simple interest is higher within the first year, compound
interest after it. Both appear in Taiwan retail finance, as the examples below show.

Periodic, stated and effective rates

Banks quote rates per year but credit interest more often. A stated annual rate r(") (% H4EF|®) credited
n times a year pays the periodic rate i := () /n each period; yearly crediting, n = 1, gives the annual
rate ¢ above. After one year a unit has grown to (1 +3)".
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pEFINITION Effective annual rate

The effective annual rate (EAR, 5 XUEFIZ) of a stated rate r™ compounded n times a year is the
annual simple return it delivers:

R:(1+$)n—1:(1+i)n—1. (1.4)

Conversely, the stated rate with frequency n that delivers a given EAR Risr(® = n [(1 + R)iin —

1].

The EAR is the common currency for comparing quotes: two rates are equivalent when their EARs
match. Exhibit 4 applies (1.4) to two Taiwan benchmarks: Bank of Taiwan's rate for one-year time
savings deposits (EHfi# & 777K) and the legal cap on credit-card revolving interest.

Exhibit 4: Effective annual rate by compounding frequency

Compounding n Periodic rate : at 15% EARat1.725% EAR at 15%
Annual 1 15.0000% 1.7250% 15.000%
Semiannual 2 7.5000% 1.7324% 15.563%
Quarterly 4 3.7500% 1.7362% 15.865%
Monthly 12 1.2500% 1.7387% 16.075%
Weekly 52 0.2885% 1.7397% 16.158%
Daily 365 0.0411% 1.7399% 16.180%
Continuous 00 — 1.7400% 16.183%

Note: 1.725% is Bank of Taiwan's posted fixed rate for one-year time savings deposits (FEEEE 773%) on 10 October
2026; 15% is the legal maximum for credit-card revolving interest (Banking Act, Article 47-1). Values are exact and
rounded half up; the continuous row is e” — 1, derived below.

Two features stand out. The EAR rises with n but by ever smaller steps, and it levels off at a finite limit.
And frequency matters far more at high rates: moving from annual to continuous compounding adds
1.5 bp at 1.725% but 118 bp at 15%. The gap grows roughly with the square of the rate, a second-order
effect that LM3 quantifies.

EXAMPLE 2
A Taiwan time deposit, two ways

Bank of Taiwan posts a fixed rate of 1.725% a year for one-year time savings deposits (& fif# & 17
#X). DBS Bank Taiwan, for example, offers them as /7 %&(}, with interest compounded monthly
and paid at maturity, or as f#A&HUE, with interest paid monthly. On its terms fZAREUS interest
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accrues daily, on actual days over a 365-day year. Compare the interest on NT$1,000,000 over one
year (365 days).

SOLUTION

#17#4A} compounds the periodic rate i = 0.01725/12 = 0.14375% twelve times: R = 1.0014375'2 —
1 =1.7387%, or NT$17,387 of interest at maturity.

FAREUE pays 1,000,000 x 1.725% x d/365 for a month of d days: NT$1,465.07 for 31 days,
NT$1,417.81 for 30 days and NT$1,323.29 for 28 days. Over a 365-day year the payments total
NT$17,250, an effective 1.7250% unless the saver reinvests each payment.

The same posted rate yields NT$137 more under monthly compounding, 1.37 bp of principal. At
deposit rates near 2% the compounding frequency is almost a rounding error. The next example
shows where it is not.

EXAMPLE 3
The credit-card cap and the ban on compounding

Since 1 September 2015, Article 47-1 of Taiwan's Banking Act has capped credit-card revolving
interest at 15% a year. Issuers accrue it as balance x rate x days/365, their own day count. Article
48 of the Regulations Governing Institutions Engaging in Credit Card Business forbids
compounding it.

Suppose a revolving balance of NT$100,000 runs for a 365-day year at the cap, with no repayments
and no new purchases. Compute the interest, and compare it with daily compounding at the same
stated rate.

SOLUTION

Without compounding, interest accrues on the principal only: 100,000 x 15% x 365/365 =
NT$15,000, an EAR of exactly 15.000%.

With daily compounding the periodic rate is i = 0.15/365 = 0.041096% a day (about #4732 4.11),
and (1.4) gives R = 1.00041096%% — 1 = 16.180%, or NT$16,180. Continuous compounding would
give €% — 1 = 16.183%.

The no-compounding rule is worth NT$1,180 a year on this balance. It also makes the legal 15% an
honest effective rate: a lender allowed to compound daily could quote 13.979% and still collect a
15% EAR.

From discrete to continuous: the number e

Push the frequency to its limit. In 1683 Jacob Bernoulli asked what happens to one unit at 100% interest
a year when interest is credited ever more often (O'Connor and Robertson). With n credits the year-end
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value is (1 + 1/n)", and Exhibit 5 shows it rising but leveling off.

Exhibit 5: Bernoulli's sequence (1 + 1/n)"

Crediting n (1+1/n)” Distancetoe
Annual 1 2.000000 0.718282
Semiannual 2 2.250000 0.468282
Quarterly 4 2.441406 0.276876
Monthly 12 2.613035 0.105247
Weekly 52 2.692597 0.025685
Daily 365 2.714567 0.003714
Hourly 8,760 2.718127 0.000155
Every minute 525,600 2.718279 0.000003

Note: e = 2.718281828.. . .; the distance to e shrinks roughly in proportionto 1 /n.

A limit is the value a sequence approaches, as closely as we like, once n is large enough. LM2 makes
limits and continuity precise; this section uses them informally.

DEFINITION The numbere

1\n
e:= lim (1 + E) = 2.718281828. .. (1.5)

n—oo

The sequence increases with n and never exceeds 3, so the limit exists; the Deep Dive below
proves both facts.

The general limit follows from (1.5) by a change of variable.

PROPOSITION Continuous compounding

For every real number z,

Jim (1 + %)n s (1.6)

Proof. For z = 0 both sides equal 1. For z > 0, put m = n/z, so that z/n = 1/m and n = ma:

(1+3) = [0+ 2)T
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Asn — oo, m — oo through real values and the bracket tends to e; the Deep Dive shows that non-integer
m are allowed. Because raising to a fixed power « is a continuous operation (LM2), the whole
expression tends to e”.

Forz = —z < 0, notethat1 — z/n = 1/(1+ %) for n > z, so that

D e A
n ) ) el

by the case already proved, applied with n — z in place of n. B
Applied to money, (1.6) says that a stated rate r compounded continuously turns W, into
W, = Wye' (1.7)
after 7 years, so its effective annual rate, and the inverse conversion, are
R=¢€" -1, r =1In(1 + R). (1.8)

The continuously compounded rate equivalent to an EAR R is the natural logarithm of one plus the
EAR, r = In(1 + R), not the logarithm of R itself. Every stated rate with the same EAR lies between R
and r: (" falls from 7(!) = R toward r as n grows. More frequent crediting needs a lower quote to
deliver the same EAR.
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Compounding explorer INTERACTIVE

— Compounded 4x ayear === Continuouse® - Simpleinterestl +rt

Value of 1 unit

2.50

2.00

1.50

1.00

0.00 0.25 0.50 0.75 1.00

Time (years)

Effective annual rate (1 + r/n)" -1

180%

160% /
o

140%

limiter—1=171.83%

120%

100%

1 2 4 12 52 365 oo

Compounding periods per year n

Quote Periodicratei=r/n Effective annual rate
100.00%, quarterly 25.000% 144.141%

Continuous limiter- 1 EAR - limit Continuous rate In(1 + EAR)
171.828% -27.69 pts 89.257%

Upper chart: the value of 1 unit during one year when interest is credited n times (steps), compounded
continuously (em) or paid as simple interest (1 + rt). Lower chart: the effective annual rate for each frequency; it
rises with nand levels offat er — 1. Atr = 100% the limit is e — 1: the number e is the year-end value of 1 unit at a
100% rate compounded continuously.
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DEEP DIVE Why (1 + 1/n)" converges,andwhye =>_..,1/j! optional - click to expand

Increasing. Apply the arithmetic-geometric mean inequality (stated without proof; Section 5

gives its weighted form, which LM14 derives) to the n + 1 positive numbers 1, 1 + %, .o, 1+ %

ST n/(n+1)
% . The

numbers are not all equal, so the geometric mean is strictly smaller:

1 1y 7/(n+1) 1 1 1 1\n 1 1 n+1
— — - .
@r3)" <t = () <)

Their arithmetic mean is =1+ n%l and their geometric mean is (1 aF %)

Bounded. By the binomial theorem,

n

(1+l)n:i<7>i:Zl'n(n—l)...(n—j+1)S - %Sl—i-' _Ll<37

J 1 J
n s 1) jzoj. n = 7

because each factor (n —)/n < 1and j! > 2/-!. An increasing sequence that is bounded above
converges (the monotone convergence theorem, stated without proof; see Stewart, Clegg and
Watson), so e exists and e < 3.

The series. The display also shows (1 + 1/n)" < Z;‘ZO 1/j4!. Conversely, fix K and keep only the
first K + 1terms: forn > K, (14 1/n)" > Zf:[) 1l (- L), which tends to Zf:o 1/j'asn —
00. Hence e = Z;io 1/4!. Its partial sums 2, 2.5, 2.666667, 2.708333, 2.716667 and 2.718056 converge
far faster than Bernoulli's sequence.

Real m. For an integer j with j <m < j+ 1, (1+ Jﬁ)] <(@+3)"<(1+ %)ﬁl, and both bounds
tend to e as j — oco. So (1.5) also holds as m — oo through real numbers. B

PITFALL Comparing stated rates across frequencies

A stated rate means little until its compounding frequency is known. A deposit at 1.74% paid
annually beats one at 1.725% compounded monthly, but only by 0.13 bp: 1.7400% against
1.7387%. Convert every quote to an EAR, or to a continuously compounded rate, before
comparing. The same holds for any annual figure built from shorter periods, including the return
figures of Section 4.
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KNOWLEDGE CHECK 2

A bank pays 5.85% compounded monthly; a competitor pays 6.00% compounded annually. (a)
Which pays the higher EAR? (b) Give each rate's continuously compounded equivalent.

ANSWER

(a) (1 +0.0585/12)'? — 1 = 6.0094% against 6.0000%: the lower stated rate wins because it
compounds monthly. (b) 121In(1 + 0.0585/12) = 5.8358% and In 1.06 = 5.8269%. The ranking is
the same on every consistent scale.

HOLDING-PERIOD, ANNUALIZED AND
CONTINUOUSLY COMPOUNDED RETURNS

[ ] calculate and interpret holding-period, annualized and continuously
compounded returns, and convert each into the others

[ ] calculate annualized returns from returns measured over days, weeks or
months, and explain how calendar-day and trading-day conventions change
the result
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Holding-period return

DEFINITION Holding-period return

The holding-period return (HPR) is the gain per unit invested over a holding period, income
included. Over a single period,

. P,—P,_,+D,
P4

Ry

)

where D; is the cash dividend received in the period. P,_, isthe previous close restated per
current share, equal to P,_; except on a split day (Example 1). Over T periods with income
reinvested, period returns chain by multiplication, and the HPR R, r satisfies 1 + Ry =
[I,1+R)=G.

The HPR carries no time unit: +902.25% describes twelve years, while +10% might describe a week. A
price return omits income; a total return includes it. Fund comparisons should use total returns,
because funds differ in how much they distribute.

For 0050 over the case period the price return was +604.13% and the total return +902.25% (Example 1).
Taking the dividends in cash instead, NT$42.19 per 2014 share, and holding the cash idle would have
returned (459.80 — 65.30 + 42.19)/65.30 = +668.74%.

Annualized return

To compare holdings of different lengths, express each as a constant annual rate. Measure the horizon
in years as 7 = calendar days + 365.25, which averages the leap-year cycle. The annualized return R is
the return which, compounded once a year for 7 years, produces the same growth factor:

(1+Re)"=G — Rg=GY"-1. (1.9)

The root law of Exhibit 2 does the work. For 7 > 1 the exponent 1/7 pulls the growth factor toward 1,
shrinking gains and losses alike. For 7 < 1 it pushes the factor away from 1 and compounds a short-
period return forward, which is extrapolation rather than measurement. LM3 calls Rg the geometric
mean return and compares it with the arithmetic mean.

Continuously compounded return

The log return over the holding period is 7o = In(1 + Ry r) = In G. Divided by the horizon, it gives the
continuously compounded return per year, also called the log growth rate:

_ G _

— =In(1+ Rg). (1.10)

g
The second equality is the power rule, In G/7 = In (Gl/T) = In(1 + R¢). Comparing (1.10) with (1.8)

shows what g is: the continuously compounded rate equivalent to the effective annual rate Rg. The
annualized return and the continuously compounded return are one growth rate quoted under two

From Calculus to Kelly - LM1 Exponentials, Logarithms and Compounding 17140


file:///D:/projects/Quant-math-for-beginner/docs/lm/lm03.html

compounding conventions. Exhibit 6 collects the four expressions of a growth factor with their values
for 0050.

Exhibit 6: One growth factor, four expressions

0050, 2014~

Quantity Definition Backto G 2026

Holding-period return Ryr=G -1 G=1+Ryr 4+902.25%

Annualized return R =G/ -1 G=(1+ 21.30%
Re)

Log return over the period ror =InG G =enr 2.3048

Continuously compounded return per g=InG/r=In(1+ G =e9 19.31%

year Re)

Note: 7 = 4,360/365.25 = 11.94 years. Between the two annual measures, Rg = ¢? — 1and g = In(1 + Rg), exactly
as between an EAR and its continuous rate in (1.8).

EXAMPLE 4
One investment, three numbers, resolved

Use Exhibit 1 to verify that +902.25%, 21.30% a year and 19.31% a year describe the same holding.
Then decide which figure to quote to a client and which to use in a model.

SOLUTION

All three come from G = 10.0225 and 7 = 4,360/365.25 = 11.9370 years. By (1.9), Rg =
10.02251/119370 _ 1 — 21.298%. By (1.10), g = In 10.0225/11.9370 = 2.30483/11.9370 = 19.308%. They
are linked by (1.8): e%19308 — 1 = 21.298% and In 1.21298 = 0.19308.

With the inverse of (1.4), the same growth can be quoted at any frequency: 20.27% compounded
semiannually, 19.46% compounded monthly, 19.31% compounded daily or continuously. The gap
between 21.30% and 19.31% is a quoting convention, not a disagreement about performance.

For a client, quote the annualized return. Like a deposit's EAR it compounds once a year, so it
compares directly with deposit rates and with other funds' annualized figures.

For modeling, use g. It adds over time (Section 5) and scales linearly with the horizon, In G = gr. It
is the growth rate of log wealth: u — 02/2 under geometric Brownian motion (LM29), and the
quantity Kelly betting maximizes (LM42). Quote the cumulative +902% only together with its
horizon.
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PITFALL Dividing a cumulative return by the number of years

902.25%/11.94 = 75.6% "a year" is the simple-interest rate that produces 902.25%: 1 + 0.7557 x
11.94 = 10.02. It ignores compounding and overstates 0050's annualized return by a factor of 3.5.
Divide log returns by time, never simple returns.

Annualizing across horizons and day-count conventions

A return over part of a year annualizes the same way; only the measure of 7 changes. Over d calendar
days, 7 = d/365.25; over T trading sessions, 7 = T'/ A, where A is the number of sessions per year. Then

In(1+R
RG: (1+R)1/T—1, g = % (111)
The log version is linear in 1/7 because logs add over time. Scaling a simple return linearly, R/, gives a
stated rate compounded 1/7 times a year, not an EAR. Instruments with their own day count keep it,

such as the actual/365 deposit terms of Example 2.

Many analysts and software packages set A = 252, but Taiwan's market is less busy. Counting the days
on which 0050 or 00631L traded, the Taiwan Stock Exchange held between 239 and 247 sessions a year in
2015-2025. The yearly counts were 244, 244, 246, 247, 242, 245, 244, 246, 239, 242 and 243, an average of
243.8. Within one sample, the right A is the number of return observations per year in that sample, as
Example 6 shows.

EXAMPLE 5
Annualizing a 90-day return

Between the closes of 9 July and 7 October 2026, 90 calendar days and 61 sessions apart, 0050's
price rose from NT$105.80 to NT$116.05. The fund also paid a NT$0.60 dividend with ex-date 21
July. Its total return was 10.3302%. Annualize it five ways: by calendar days, by trading days with
A = 252 and with A = 243.8, as a continuously compounded rate, and by simple scaling.

SOLUTION

Calendar days, with 7 = 90/365.25 in (1.11): 1.10330236525/90 _ 1 — 49.03%. Trading days with A =
252: 1.103302%°%/6! — 1 = 50.10%; with Taiwan's 2015-2025 average A = 243.8: 1.103302%4>8/61 _ 1 —
48.13%; with the window's own A = 61/(90/365.25) = 247.56: 1.103302%47°0/61 _ 1 — 49.03%, the
calendar figure, since A/61 = 365.25/90. Continuously compounded: In 1.103302 x 365.25/90 =
0.098308 x 4.0583 = 39.90% a year. Simple scaling: 10.3302% x 365.25/90 = 41.92%.

One 90-day return yields "annual" figures from 39.9% to 50.1%. Each is a correct conversion under
its own convention, and each assumes that the same return recurs every 90 days for a year. Even
the length of the year matters: with 365 days instead of 365.25 the calendar figure is 48.99%.
Report the 10.33% for the period, and state the convention whenever you annualize.
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EXAMPLE 6
Annualizing a daily mean log return with A = 252and A = 243.1

The case series aligned with 00631L's trading days, as in LM3, has T' = 2,902 daily returns (0050's
own series has 2,906; Section 7). Their mean log return was 0.079422%. Annualize it with A = 252
and with the sample's own frequency, and compare the results with g.

SOLUTION

With A = 252: 0.079422% x 252 = 20.01%. The sample's own annualization factoris A = T'/7 =
2,902/11.937 = 243.1 returns a year, and 0.079422% x 243.1 = 19.31%, which is exactly g. The
reason is (1.10) and Section 5. The mean log return times 7' is the total log growth In GG, and
dividing by 7 gives g.

The sample's A is below the exchange's average of 243.8. Over the same span the exchange held

2,911 sessions, 243.9 a year. 0050 did not trade on five of them, in June 2025. The alignment with
00631L folds four March 2026 sessions, on which 00631L did not trade, into the following return,
leaving 2,902.

The 252-day convention overstates the growth rate by 0.7 percentage points a year. As an EAR it
gives e%20014 _ 1 — 22.16% against the true 21.30%. Nothing about the data changed, only the
annualization factor.

Exhibit 7 applies the three measures to trailing windows ending on 8 October 2026, the format of a fund
fact sheet.
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Exhibit 7: 0050 trailing total returns to 8 October 2026

From the close Holding-period Annualized Continuously compounded
Window of return Rg g
3 months 2026-07-08 9.027% 40.93% 34.31%
6 months 2026-04-08 45.99% 112.80% 75.52%
1year 2025-10-08 91.71% 91.80% 65.13%
3 years 2023-10-06 296.86% 58.17% 45.85%
5 years 2021-10-08 295.05% 31.63% 27.48%
10 years 2016-10-07 775.20% 24.22% 21.69%
Since 31 Oct 2014-10-31 902.25% 21.30% 19.31%

2014

Note: each window starts at the last close on or before the same calendar date, and = = calendar days + 365.25
throughout. The 365-day window therefore counts as 0.9993 years, so its annualized return differs slightly from its
holding-period return. The 92-day return carries a third decimal because annualizing magnifies its rounding. Source:
FinMind, retrieved 10 October 2026; data/1m@1_numbers.py -

Two patterns stand out. The continuously compounded figure is always below the annualized one,
since g = In(1 + R¢) < R whenever Rg # 0 (Practice Problem 5). And for windows shorter than a year
the exponent 1/7 exceeds 1, so annualizing magnifies whatever happened in the window: the six-month
45.99% becomes 112.80%.

PITFALL Annualizing short windows

Annualizing compounds a short-period return as if it recurred all year. 0050's six-month return of
45.99% annualizes to 112.80%, more than twice its best full calendar year in the sample (+48.67%
in 2024). The GIPS standards (provision 8.A.4) forbid annualizing returns for periods shorter than
one year in performance advertisements. Show short-period returns as they are.

=B#F - F—Fi

RIaERM 902% ~ F1CIREN 21.3% ~ FEEFIFEIRM 19.3% » =EHREFA—ERREH

G =10.02 > LAFE o FLIHME TSFEN—R NFENR  BEEVERNE EEE
Al MFEENZE > MENBAGMEL—FNR=¢ — 1  BELAREAELERMN > AATHE
EMEMAVE MEF R ; iR ~ B1R ~ BN RESEEN R - Rae s A8 »
WA REMIEL - REHRMPRAFEEISEIR 75.6% BEF ; HB4F 46% BIFRBNEFCAL
113% > F2E1 > N2FEH - 5% 2015-2025 EFH—FEL 244 B Z B > FIELEESH
FEEF A =243.1 > A 252 RE‘CHBME S -
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KNOWLEDGE CHECK 3

A fund returned 18% over 30 months. Compute its annualized return and its continuously
compounded return per year. Which is larger, and why must it be?

ANSWER

With 7 = 2.5 years, R; = 1.18Y/25 — 1 = 6.84% and g = In 1.18/2.5 = 6.62%. The annualized
return is larger because g = In(1 + Rg) < Rg for every R # 0 (Practice Problem 5). A rate
compounded continuously needs a lower quote to deliver the same growth.

H ADDING RETURNS ACROSS TIME AND ACROSS ASSETS

[ ] explain why log returns add across time while simple returns add across
assets, and aggregate returns correctly in each direction

Across time, log returns add

Over T consecutive periods growth factors multiply, G = [[,(1 + R;). The product rule (1.2) turns the
product into a sum:

T T
InG = Zln(l +R) = Zrt. (1.12)
t=1 t=1

The identity is exact for any path. Simple returns do not add over time, and their sum has no meaning.
Exhibit 8 splits 0050's twelve years into six two-year blocks.

Exhibit 8: 0050 in two-year blocks: simple returns compound, log returns add

Block (close to close) Days Simple return R Log return r
2014-10-31 — 2016-10-31 731 16.035% 0.1487
2016-10-31 — 2018-10-31 730 14.063% 0.1316
2018-10-31 — 2020-10-30 730 43.561% 0.3616
2020-10-30 — 2022-10-31 731 2.350% 0.0232
2022-10-31 — 2024-10-30 730 106.473% 0.7250
2024-10-30 — 2026-10-08 708 149.606% 0.9147
Whole period 4,360 902.25% (compounded) 2.3048 (summed)

Note: blocks end at the last close on or before 31 October. The whole-period simple returnis [[(1 + R) — 1; adding the
six simple returns gives 332.09%, which describes nothing. The six log returns sumto In G = 2.3048.
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The table also shows how simple returns distort comparisons. The last block's 149.606% looks more
than ten times the second block's 14.063%; in log points it is seven times, 0.9147 against 0.1316. The final
two blocks supplied 71% of the twelve-year log growth, the steep end of the log chart in Exhibit 3.
Averaging the six simple returns would also overstate the typical compound return; LM3 derives that

Across assets, simple returns add

A portfolio is a sum of money, not a product. Let J positions start with values Vj, total value V; > 0 and
weights w; = Vj¢/Vp, which sum to 1; a short position has V;y < 0 and w; < 0. If position j returns R;
over the period, the portfolio ends at 3>, V; o(1 + R;), so

J
R, =) w;R, (1.13)
j=1

exactly, with weights measured at the start of the period, whatever their signs. Log returns do not
aggregate this way. The portfolio's log return is 7, = In (35 wje™).

Consider a long-only portfolio, with every w; > 0 and Zj w; = 1. For positive z;, the weighted
arithmetic-geometric mean inequality states that ), w;z; > []; x?’j , with equality only when all z;

with z; = e’ and followed by logs, it gives
rp = In (ije”) > ijrj (wj > 0, Zj w; = 1), (1.14)
J J

with equality only when every position with w; > 0 has the same log return. Averaging log returns
across a long-only portfolio therefore understates its return, and the error grows with the dispersion of
the positions' returns. With short positions the inequality can fail: weights (1.5, —0.5) and log returns
(0.10,0.20) give r, = In (1.5¢*'% — 0.5¢*%°) = 0.0460, below >° ; w;r; = 0.0500.

EXAMPLE 7
Averaging log returns across two funds

On 31 October 2014 an investor puts half her money in 0050 and half in 00631L, the daily 2x fund
on the same index. She holds both until 8 October 2026, a long-only buy-and-hold portfolio. 0050's
growth factor was 10.02 and 00631L's 44.54, log growths of 2.3048 and 3.7965. Compute the
portfolio's return correctly and by averaging log returns.
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SOLUTION

By (1.13) the portfolio's growth factor is 0.5 x 10.02 + 0.5 x 44.54 = 27.28, a return of +2,628%.

Averaging log returns gives 0.5 x 2.3048 + 0.5 x 3.7965 = 3.0507, which implies ¢3%°" = 21.13, or
+2,013%. That understates the portfolio by 615 percentage points. The averaged figure is the log of
v/10.02 x 44.54 = 21.13, the geometric mean of the two growth factors, which no buy-and-hold
investor earned.

The correct portfolio log return is In 27.28 = 3.306, larger than the average 3.0507, as (1.14)
requires for long-only weights.

Across multiplicative factors: currency and inflation

Some returns combine by multiplication rather than by weighting. A Taiwan investor in a US-dollar
asset earns the asset's dollar return and the change in the TWD price of a dollar:

1+ R™P = (1+R"P)(1+ R™) — ,TWD —,USD | ,FX (1.15)

exactly in logs. In simple returns, RTWP = RUSD  RFX | RUSD RFX carries a cross term. Inflation works
the same way: a real return satisfies 1 + R* = (1 + R)/(1 + 7), so 7*®® = r — In(1 + 7) exactly. The
familiar shortcut R™ ~ R — 7 drops a second-order term, which LM3 measures.

EXAMPLE 8
A US-dollar asset seen from Taiwan

A US equity fund gains 20% in US dollars over a year in which USD/TWD falls from 32.0 to 29.6
(hypothetical figures). Compute the TWD return exactly, by adding log returns, and by adding
simple returns.

SOLUTION

The dollar lost 29.6/32.0 — 1 = —7.50% against the TWD. Exactly, 1.20 x 0.925 — 1 = 11.00%. In
logs, In 1.20 + 1n 0.925 = 0.18232 — 0.07796 = 0.10436, and 19436 — 1 = 11.00%.

Adding simple returns gives 20% — 7.5% = 12.5%, which overstates by the cross term 0.20 x
(—0.075) = —1.50%. The currency loss applies to the whole dollar value, gains included.
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RESULT Aggregationrules
e Across time: log returns add, (1.12); simple returns compound.

e Across positions over one period: simple returns add with start-of-period weights of any sign,
(1.13). Log returns do not; for long-only weights their average understates the portfolio, (1.14).

e Across multiplicative factors such as currency and inflation: log returns add exactly, (1.15);
simple returns need a cross term.

PITFALL Averaging log returns across positions

Index and portfolio returns are weighted averages of simple returns with start-of-period weights.
In a long-only sector or factor portfolio, the members' average log return is the log of a weighted
geometric mean of their growth factors. By (1.14) it lies below what an investor holding the
members earned. Aggregate simple returns across names first; take logs of the portfolio
afterwards if a log-return series is needed.
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KNOWLEDGE CHECK 4

Two long positions of equal size have log returns of +0.10 and —0.10 over a month. What is the
portfolio's simple return, and what does averaging the two log returns suggest?

ANSWER

The simple returns are e*1? — 1 = 10.52% and e %1 — 1 = —9.52%, so R, = 0.5(10.52%) +
0.5(—9.52%) = 0.50%. The average log return is zero, which suggests a flat month. The
portfolio gained because the winner's gain in money exceeds the loser's loss.
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n SOLVING GROWTH EQUATIONS WITH LOGARITHMS

[ ] determine the time needed to reach a goal, the return required to reach it, and
the gain and time needed to recover from a drawdown

One equation, four unknowns

With an annual rate R, equation (1.1) over 7 years reads W, = Wy(1 + R)". It links four quantities, and
any three determine the fourth. The ending value needs only multiplication; the starting value, a
present value, is the subject of LM6. The other two need logarithms or roots:

In(W./Wo)

T

(1.16)

_ OV W) W W) Wyt

In(1+R) g W,

The time formula takes logs of both sides and applies the power rule, In(W./W;) = 7In(1 + R). In log
terms every growth problem is a division: the log growth required, divided by the growth rate available
or by the time available.

Doubling time

Setting W, /W, = 2 gives the doubling time 7, = In2/In(1 + R) = In 2/g. With a continuously
compounded rate the formula is exact and simple, 7» = In2/g ~ 0.6931/g. The familiar rule of 72
approximates In 2/In(1 + R) for annual rates; LM3 derives it from a Taylor expansion and explains why
it works best near 8%. Exhibit 9 compares the two for rates that appear in this module.

Exhibit 9: Doubling times, exact and by the rule of 72

Annual Exact, = Rule of 72,
rate R Context In2/In(1 + R), years years
1.725% Bank of Taiwan one-year time savings deposit (£ 40.53 41.74

& 177), compounded annually

4.00% Illustrative long-run assumption 17.67 18.00
8.00% Illustrative long-run assumption 9.01 9.00
15.00% Credit-card cap, if it were compounded annually 4.96 4.80
21.30% 0050, 2014-2026 3.59 3.38

Note: Taiwan's rules cap revolving credit at 15% and forbid compounding it; at 15% simple interest a balance doubles
in1/0.15 = 6.67 years. 0050's index doubled 3.325 times in 11.94 years, once every 3.59 years on average.

Time to a goal and the required return

EXAMPLE 9
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A lump-sum retirement target

An investor aged 35 holds NT$3,000,000 and wants NT$20,000,000 at age 60, with no further
contributions. (a) What annualized return is required? (b) If she earns an effective 6% a year (an
illustrative assumption), when does she reach the target? (c) If the target is in today's money and
inflation runs at an effective 2% a year (also illustrative), what nominal return is required?

SOLUTION

(a) By (1.16) with 7 = 25: R = (20/3)"/%> — 1 = 6.6667"%* — 1 = 7.88%. In log terms, g =
In6.6667/25 = 1.8971/25 = 7.59%.

(b) 7 =1n6.6667/1n1.06 = 1.8971/0.05827 = 32.56 years, at age 67.6. At 60 she would hold
3,000,000 x 1.0625 = NT$12,875,612.

(c) Real growth and inflation add in logs, by (1.15): g"™ = 7.59% + In1.02 = 7.59% + 1.98% =
9.57%, so R*™ = %9957 _ 1 — 10.04%. Directly, 1.0788 x 1.02 — 1 = 10.04%. Two points of inflation
raise the required return by more than two points, because inflation compounds too.

Drawdowns and recovery

A drawdown is the percentage decline from the highest value reached so far, DD, :=1 —
W;/ max(Wy, Wi, ..., W;); the running peak includes the starting value W,. Recovering from a
drawdown DD requires a gain R, with (1 — DD)(1 + R,..) = 1:

1 DD

= —1: .
B 1-DD 1-DD

(1.17)

The required gain grows faster than the loss: a 10% drawdown needs +11.1%, a 50% drawdown +100%
and a 90% drawdown +900%. In logs the asymmetry disappears. A drawdown is a log return of In(1 —

DD), and recovery is the same distance back, —In(1 — DD). At a log growth rate g, recovery therefore
takes 7, = —In(1 — DD)/g years by (1.16); Exhibit 10 tabulates both views.
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Exhibit 10: What a drawdown costs to recover

Drawdown GainneededD DD/(1 —  Logdistance —In(1 — Years at8% a Years at 0050's
DD DD) DD) year 21.30%

10% 11.1% 0.1054 1.37 0.55

20% 25.0% 0.2231 2.90 1.16

25% 33.3% 0.2877 3.74 1.49
333% 50.0% 0.4055 5.27 2.10
50% 100.0% 0.6931 9.01 3.59

75% 300.0% 1.3863 18.01 7.18

90% 900.0% 2.3026 29.92 11.93

Note: years = — In(1 — DD)/In(1 + R) with R = 8% and R = 21.298% (g = 19.308%). At 0050's historical rate, a
90% drawdown takes as long to recover as 0050 took to grow tenfold.

Exhibit 11 and Exhibit 12 apply the arithmetic to 0050's own history.

Exhibit 11: 0050 drawdowns from the running peak, November 2014 - October 2026

W = running peak - 1, which equals -DD

0%

-10%

-20%
-21.3% ®

-275% ®
-30%

2016 2018 2020 2022 2024 2026

Note: total-return index with dividends reinvested, plotted as W; -+ running peak — 1, which equals —DD;. Markers
show the troughs of 5 August 2024 (DD = 21.3%) and 9 April 2025 (DD = 27.5%), which end the declines analyzed in
Example 10. Source: FinMind, retrieved 10 October 2026; data/1m@1_charts.py .
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Exhibit 12: 0050 drawdowns deeper than 15% and their recoveries

DD at Gain Days to At 19.31% ayear,
Peak Trough trough needed Recovered recover days
2015-04- 2015-08- 20.962% +26.52% 2016-08- 350 445
27 24 08
2018-08- 2019-01- 17.533% +21.26% 2019-09- 255 365
30 04 16
2020-01- 2020-03- 28.235% +39.34% 2020-07- 116 628
14 19 13
2022-01- 2022-10- 33.929% +51.35% 2024-02- 478 784
17 25 15
2024-07- 2024-08- 21.304% +27.07% 2025-01- 154 453
11 05 06
2025-01- 2025-04- 27.490% +37.91% 2025-07- 99 608
07 09 17
2026-06- 2026-07- 15.387% +18.19% 2026-09- 53 316
22 30 21

Note: "recovered" is the first close at or above the previous peak, and "days to recover" are calendar days from the
trough to that close. The last columnis — In(1 — DD) /g x 365.25, the time that steady growth at 19.31% a year would
need. Source: FinMind, retrieved 10 October 2026; data/1m01_numbers.py .

Every recovery in the sample was faster than steady growth at the long-run rate would imply, because
rebounds from troughs were steep. That is a description of 2015-2026, not a law. The 2022 episode also
shows the other side: the deepest decline took 281 days to reach its trough and 478 more to recover.

EXAMPLE 10
Recovering from the 2024 and 2025 drawdowns

On 5 August 2024, 0050 fell 9.13%, after —5.05% the session before. The session of 7 April 2025 was
the first after the Tomb-Sweeping Day holiday and after the United States announced new tariffs
on 2 April. 0050 fell 10.00% that day, Taiwan's daily limit, then 3.25% and 4.60% on the next two
sessions.

Using Exhibit 12, compute for each drawdown the gain needed and the log distance. Then
compare the actual recovery time with the time steady growth at g = 19.31% would need.
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SOLUTION

2024. From the 11 July 2024 peak the index fell to a drawdown of 21.30% by the 5 August close.
Recovery required 0.21304/0.78696 = +27.07%, a log distance of — In 0.78696 = 0.2396. The index
first closed above the old peak on 6 January 2025, 154 calendar days (0.42 years) and 104 trading
sessions after the trough. Steady growth at g = 19.31% would have needed 0.2396,/0.1931 = 1.24
years, or 453 days.

2025. The next session, 7 January 2025, set a new peak. By 2 April the drawdown was already
12.71%. The three sessions from 7 to 9 April took the index down a further 16.93%, to a drawdown
of 27.49%.

Recovery required 0.27490/0.72510 = +37.91%, a log distance of 0.3214. On 10 April alone the
index rose 9.99%. It regained the peak on 17 July 2025, 99 calendar days and 64 of 0050's sessions
after the trough. The exchange held 69, but 0050 did not trade on five of them in June 2025, before
its 4-for-1 split took effect.

The log view. The 2025 loss splits additively into —0.1359 log points up to 2 April and —0.1855 in
the three crash sessions, —0.3214 in all. In simple returns, -12.71% and —-16.93% compound to
—-27.49%. Recovery retraced exactly 0.3214 log points, a distance that reads as "+37.91%" in
percent. At the long-run g = 19.31% a year the climb would have taken 0.3214/0.1931 = 1.66 years;
it took 0.27.

PITFALL Gains and losses do not cancel

A -20% month followed by a +20% month leaves -4%, because 0.8 x 1.2 = 0.96. Equal percentage
moves in opposite directions always lose money; equal log moves cancel exactly. Translate
percentages into log points before judging a recovery, a strategy's worst loss or a "bounce".

Bl 50% Ziik 100%

[ElZ<FRrERAVERANE DD /(1 — DD) : [El#f 10% 2273k 11.1% > [Bl# 50% Ziik 100% > [El#H 90%
7%k 900% > BRISER > [OlZSBfE o MpCHBRETET | X —In(1 — DD) EHHE 0 R
BIREIERZ BN HERLAE A - R =H8EkE ~ HBMKRE - 005072025 F 1 &
4 AMEHEG - /€1 B 7 BS54 B 9 B{ERAHEL 27.49% (HF 4 B 7 BEMRIMAREK=
REKT 16.93%) » BE LR 37.91% A sElEl4s » BRIAT 99X (7B 17 HRIE) ; BNAE
EEF 19.31% NEBEEN R RXFEE » B2 1.66 F - BE FRRERERLCE > £

EfReg °
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KNOWLEDGE CHECK 5

A strategy suffers a 40% drawdown in a year. What gain recovers the loss, and how many years
does recovery take if the strategy then earns an effective 15% a year?

ANSWER

By (1.17), 0.40/0.60 = 66.67%. By (1.16), 7 = —In 0.60/1n1.15 = 0.5108/0.1398 = 3.65 years.
Earning 15% a year, the strategy needs more than three and a half years to undo one bad year.

RETURN CALCULATIONS IN PYTHON

[ ] implement a total-return pipeline in Python that computes and converts these
measures from prices and dividends

Three habits keep return code honest. Store prices and cash flows exactly as delivered and apply

corporate actions explicitly. Compute log returns with loglp , which stays accurate for tiny returns.

Keep every convention, such as the base date, the day count and A, in a named variable instead of a

hard-coded number.

The first block rebuilds 0050's total-return series and reproduces the case. Run from the repository root,
it reads the raw FinMind files that data/fetch_finmind.py downloads into data/raw/ (see the
companion lab below).
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PYTHON

from datetime import date

import numpy as np
import polars as pl

# 1. FinMind closes (TaiwanStockPrice), dividends (TaiwanStockDividendResult)
px = pl.scan_csv("data/raw/0050__x.csv").select("date", "close").collect()
div = (pl.read_csv("data/raw/0050_dividends.csv")

.select("date", pl.col("cash_dividend").alias("D")))
SPLIT, RATIO = "2025-06-18", 4.0 # 4-for-1, effective date

# 2. Rt = (Pt +D t) / (P {t-1} / ratio_t) - 1, close restated per new share
P, D = pl.col("close"), pl.col("D")
ratio = pl.when(pl.col("date") == pl.1it(SPLIT)).then(RATIO).otherwise(1.0)
ret = (px.join(div, on="date", how="left")
.sort("date") # never rely on row order after a join
.with_columns(D.fill null(0.0), ratio.alias("ratio"))
.with_columns(R=(P + D) / (P.shift(1) / pl.col("ratio")) - 1)
.drop_nulls("R")
.with_columns(pl.col("date").str.to_date(), r=pl.col("R").loglp()))

# 3. growth factor G, annualized R_G and continuous g: (1.9), (1.10), (1.12)
BASE, YEAR = date(2014, 10, 31), 365.25 # base close; days per year
G = float(np.exp(ret["z"].sum()))
tau = (ret["date"][-1] - BASE).days / YEAR
print(£"G = 3G:.4f%f HPR = {G - 1:.2%% "
f'R_G = §G **x (1 / tau) - 1:.2%%: g = {np.log(G) / tau:.2%%")
# G = 10.0225 HPR = 902.25% R G = 21.30% g = 19.31%

The second block computes drawdowns from the running peak and finds the 2025 recovery date of
Example 10.

PYTHON

# 4. drawdown DD_t = 1 - W_t / running peak (incl. W_0 = 1), gain needed (1.17)
W = pl.col("W")
dd = (ret.select("date", W=(1 + pl.col("R")).cum_prod())
.with_columns(DD=1 - W / pl.max_horizontal(W.cum_max(), 1.0)))
in_2025 = pl.col("date").is_between(date (2025, 1, 1), date(2025, 6, 30))
trough = dd.filter(in_2025).soxrt("DD", descending=True).row(0, named=True)
back = dd.filter(pl.col("date") > trough["date"], pl.col("DD") == 0)["date"][0O]
need = trough["DD"] / (1 - trough["DD"])
print(trough["date"], £"DD {trough['DD']:.2%%", f"gain needed ineed:.2%%",
"recovered", back, (back - trough["date"]).days, "days")
# 2025-04-09 DD 27.49% gain needed 37.91% recovered 2025-07-17 99 days
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The raw-file series counts 0050's own 2,906 sessions, four more than the aligned series of the daily
example. It keeps the four March 2026 sessions on which 00631L did not trade. Growth factors,
drawdowns and recovery dates are identical in both.

INPYTHON Companion lab

The notebook LMO1_lab.ipynb rebuilds every exhibit and computational example of this module
from the verified FinMind files. It is Polars-first and also solves the computational practice
problems.

The notebook reads FinMind files that you download once with your own token. From the
repository root, run uv run python data/fetch_finmind.py,then uv run python
data/make_lab_data.py . FinMind's licence does not allow the book to redistribute the data. After
that, the notebook runs offline.

KNOWLEDGE CHECK 6

In step 2 the code divides the previous close by the split ratio on the split date. Why not simply
drop that day?

ANSWER

On 18 June 2025 one old share became four new ones, so the previous close must be restated
per new share, 15,5,1 = P,_;/4. Without the adjustment the split would register as a fall of
about 75%. Dropping the day would lose a real return, 47.57/(188.65/4) — 1 = +0.86% from
the 10 June close. Every growth factor spanning it would be wrong: G would be 9.937 instead
of 10.0225.

That return covers six market sessions, because 0050 was suspended from 11 to 17 June.
Deleting the row before computing returns is no better. The 19 June close would then be
measured against the 10 June close, and the spurious fall would simply move there:
47.10/188.65 — 1 = —75.0%.

SUMMARY

e Growth multiplies and logarithms add: the product rule (1.2) turns products into sums and powers
into multiples. Any logarithm is the natural log rescaled, log; z = In z/ In 8; 0050's log growth of
2.3048 equals 3.325 doublings.

¢ On alog axis equal distances are equal ratios and constant growth is a straight line. Linear axes
make early history look flat and recent moves look extreme.

e A stated rate 7™ compounded n times a year has an EAR of (1 + 7 /n)" — 1. For a fixed quote
r(" = r it rises with n toward e” — 1. The number e = lim(1 + 1/n)" = 2.71828.... is one unit
compounded continuously at 100% for a year.
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e Compounding frequency matters little at deposit rates (1.4 bp at 1.725%, monthly) and a great deal
at high rates (118 bp at 15%, daily). Taiwan caps card revolving interest at 15% and forbids
compounding it.

e The holding-period return, the annualized return Rg = G¥/7 — 1 and the continuously compounded
return g = In G/7 express one growth factor three ways. Here 7 is in years, calendar days + 365.25.
R¢ and g are one rate quoted annually and continuously, Rg = e’ — 1; for 0050 they were 21.30% and
19.31%.

e Annualizing short-period returns is extrapolation and depends on conventions: a 90-day return of
10.33% annualizes to anything from 39.9% to 50.1%. Taiwan's market held about 244 sessions a year
in 2015-2025, and the case sample has A = 243.1, not 252.

e Log returns add across time and simple returns add across positions. For long-only weights,
averaging log returns across positions understates the portfolio; for a 50/50 mix of 0050 and 00631L
the error was 615 percentage points.

e Time to goal and required return come from one equation solved with logs. A drawdown DD needs a
gain of DD/(1 — DD) but only — In(1 — DD) log points. 0050 regained its January-April 2025
drawdown of 27.49%, which needed +37.91%, in 99 days.

PRACTICE PROBLEMS
1. The number of doublings in a 25-fold increase is closest to:
A. 4.64
B. 10.69
C. 12.50
2.  The effective annual rate of a 12% stated rate compounded monthly is closest to:
A. 12.00%
B. 12.68%
C. 12.75%

3. A bank quotes 2.4% compounded quarterly. Compute (a) the EAR, (b) the equivalent stated rate
with monthly compounding, and (c) the equivalent continuously compounded rate.

4. A continuously compounded rate of 8% corresponds to an effective annual rate closest to:
A. 7.70%
B. 8.00%
C. 8.33%

5. Bernoulli's inequality (stated without proof; it follows by induction on n) says that (1 + z/n)" >
1 + x for every whole number n > 1 and every > —n. Use it with the limit (1.6) to show that
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10.

11.

12.

13.

14,

e® > 1+ x for every real x, with equality only at x = 0. Deduce that a continuously compounded
rate In(1 + R) is below the effective rate R unless R = 0.

0050's price-only growth factor over the case period was 7.0413, with 7 = 11.937 years. Compute

the price-only annualized return and continuously compounded return. How much of the total
continuously compounded return of 19.31% a year did dividends contribute?

A strategy earned 6% in four months. Its annualized return is closest to:

A. 19.10%
B. 18.00%
C. 26.25%

0050's calendar-year total returns for 2023, 2024 and 2025 were 27.40%, 48.67% and 36.85%. The
three years run from the close of 30 December 2022 to that of 31 December 2025. Compute (a) the
cumulative return, (b) the annualized return, (c) the sum of the log returns and (d) the
continuously compounded return per year. Compare the sum of the three simple returns with (a).

Two long positions of equal size have log returns of +30% and —10% over a year. The portfolio's log
return is closest to:

A. 10.0%
B. 10.5%
C. 12.0%

A Taiwan investor holds a US bond fund that returns 4% in US dollars while USD/TWD rises from
30.0 to 31.5. Compute the TWD return exactly and by adding log returns. What does adding simple
returns give?

How long does NT$500,000 take to grow to NT$2,000,000 at (a) an effective annual rate of 6%, (b) a
continuously compounded rate of 6%?

To turn NT$1 million into NT$5 million in 15 years, the required annualized return is closest to:

A. 10.73%
B. 11.33%
C. 26.67%

A portfolio's drawdown reaches 35%. (a) What gain restores the peak? (b) How many years does
recovery take at an effective 10% a year? (c) If the portfolio then rises 30%, what is its drawdown?

0050's 2022 drawdown in Exhibit 12 reached DD = 33.929%. Verify the gain needed, and compute
how long recovery would take at the long-run continuously compounded rate of 19.308% a year.
Compare with the actual 478 days.

From Calculus to Kelly - LM1 Exponentials, Logarithms and Compounding 35/40



15. (Python) With the lab data, compute 0050's annualized total return over the ten calendar years
2015-2024 from the growth factor. Then annualize the mean daily log return over the same years,
once with A = 252 and once with the sample's own A. Convert both to effective rates and explain
the differences.

SOLUTIONS

1. A is correct. By (1.3), log, 25 = In25/1In2 = 3.2189/0.6931 = 4.64. B divides In 25 by log,, 2 = 0.3010,
the mixed-base error of the pitfall in Section 2. C halves 25 instead of taking a logarithm.

2. Bis correct. (1 + 0.01)!2 — 1 = 12.68%. A ignores compounding. C is the continuous limit e*12 — 1 =
12.75%, which monthly compounding approaches but does not reach.

3.(a) (1+0.024/4)* — 1 = 1.006* — 1 = 2.4217%. (b) ! = 12[(1.006*)"/** — 1] = 12(1.006"° — 1) =
2.3952%. (c) In(1.006*) = 41n 1.006 = 2.3928%. As the frequency rises, the equivalent stated rate falls:
2.4217% annual, 2.4000% quarterly, 2.3952% monthly and 2.3928% continuous.

4. Cis correct. By (1.8), e*%® — 1 = 8.33%. A applies the conversion in the wrong direction, In 1.08 =
7.70%; B ignores compounding.

5. Fix z. For every n > max(1, —z), Bernoulli's inequality gives (1 + z/n)" > 1 + z. Letting n — oo and
using (1.6), e” > 1 + z, because a limit preserves a weak inequality (stated without proof; see LM2).

Equality holds only at z = 0. For z > —2, apply the result to z/2 and square, since both sides are
non-negative: e* = (e*/2)2 > (1 +xz/2)? =1+ +2?/4>1+zwhenz #0.Forz < -2,1+2 <0<
e”.

For R > —1,putz = In(1 + R): then 1 + R = (%) > 1 4 In(1 + R), so In(1 + R) < R, with equality
only when In(1 + R) = 0, that is R = 0. A continuously compounded quote is below the effective rate
it represents unless both are zero; Section 4 uses this strict form.

6. The price-only annualized return is 7.0413/1197 — 1 = 17.76%, and gp = In7.0413/11.937 =
1.9518/11.937 = 16.35%. Dividends contributed 19.31% — 16.35% = 2.96% a year in log terms, which
is the 0.3530 log points of Example 1 spread over the horizon: 0.3530/11.937 = 2.96%.

7. A is correct. Four months is a third of a year, so Rg = 1.06° — 1 = 19.10%. B scales linearly, 6% x
3 = 18.00%: a stated rate compounded three times a year, not an EAR. C mistakes four months for a
quarter and compounds four times, 1.06* — 1 = 26.25%.

8. (a) 1.2740 x 1.4867 x 1.3685 — 1 = 159.20%); (b) the two closes are 1,097 days apart, so 7 =
1,097/365.25 = 3.0034 and 2.59202'/39934 _ 1 = 37.32%; (c) In 1.2740 + In 1.4867 + In 1.3685 =
0.24216 + 0.39656 + 0.31372 = 0.95244 = In 2.59202, as (1.12) requires; (d) 0.95244/3.0034 = 31.71% a
year. The simple returns sum to 112.92%, far below the cumulative 159.20%, because adding ignores
the gains earned on earlier gains.

9. Cis correct. The growth factor is 1 (e + e *1%) = 1(1.349859 + 0.904837) = 1.127348,so 7, =
In1.127348 = 11.99%. A averages the log returns, which (1.14) shows understates for long-only
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weights. B converts that average into a simple return, €% — 1 = 10.5%, which does not repair the
averaging error.

10. Exactly, 1.04 x (31.5/30.0) —1 =1.04 x 1.05 — 1 = 9.20%. In logs, In1.04 + In 1.05 = 0.03922 +
0.04879 = 0.08801, and %9380 — 1 = 9.20%. Adding simple returns gives 4% + 5% = 9.00%, which
misses the cross term 0.04 x 0.05 = 0.20%: the currency gain also applies to the fund's gain.

11. (a) By (1.16), 7 = 1In4/1n 1.06 = 1.3863/0.05827 = 23.79 years. (b) 7 = In4/0.06 = 23.10 years.
Continuous compounding at the same stated rate gets there 0.69 years, about eight months, sooner.

12. Bis correct. 5'/1° — 1 = 11.33%. A is the continuously compounded rate In5/15 = 10.73%, the right
answer to a different question. C is simple interest, 400%/15.

13. (a) By (1.17), 0.35/0.65 = 53.85%. (b) —In 0.65/1n1.10 = 0.4308/0.0953 = 4.52 years. (c) 0.65 x 1.30 =
0.845, so the drawdown is still 15.50%: a 30% gain after a 35% loss leaves a deficit.

14. Gain needed: 0.33929/0.66071 = 51.35%, as in the exhibit. Log distance: —In 0.66071 = 0.4144, so
steady growth at g = 19.308% would take 0.4144/0.19308 = 2.146 years, or 784 days. The actual
recovery took 478 days, about 61% of that.

15. From the close of 31 December 2014 to that of 31 December 2024, 7 = 3,653/365.25 = 10.00 years and
the growth factor was 4.0030, so R = 14.88% and g = In4.0030,/10.00 = 13.87%.

The T' = 2,439 daily log returns in those years have mean 0.056869%, and the sample's own factor is
A =2,439/10.00 = 243.9. With A = 252 the mean annualizes to 14.33%, or an EAR of 01433 — 1 =
15.41%. With A = 243.9 it gives 13.87%, exactly g, and an EAR of 14.88%.

The 252 convention overstates by 0.46 percentage points in log terms and 0.53 points as an EAR. The
growth factor itself needs no annualization factor at all.
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GLOSSARY

Term Fa3g Meaning

Growth factor REEE G = Wy /W,, ending value divided by
starting value.

Exponential function ISEUR B A function 8% with the variable in the
exponent; wealth at a constant rate, (1.1).

Logarithm HE log; z, the exponent that turns j into .
Natural logarithm BIA%T 8L Inz = log, x.

Change of base HEAT loggz = 1In z/In g, (1.3).

Logarithmic axis HIEEERE Chart axis on which equal distances are

equal ratios.

Simple interest BEF| Interest on principal only, Wy(1 + i7).
Compound interest EH Interest credited to the balance, earning

interest itself.

Stated annual rate 2 BEH= Quoted rate r(™, credited as r(™) /n per
period.

Periodic rate HARSFI= Rate per compounding period, i = r(" /n.

Effective annual rate (EAR) BMERER 1+ r() /n)" — 1, (1.4).

Continuous compounding FHEET| The limit n — oo; growth €', (1.7).

The number e BREH e lim(1+ 1/n)" = 2.71828.. ., (1.5).

Holding-period return 135 BARS EREN Gain per unit invested over the holding

period, income included.

Total return, price return 4BEREN ~ (EFRERAN Return with and without reinvested
income.

Annualized return FE(LEREM Ro = GY7™ —1,(1.9).

Continuously compounded return ZEZEF|EREN g=InG/m =1In(1+ Rg), (1.10).

Log return ETEEREN r = In(1 4+ R); adds across time, (1.12).

Annualization factor F1EREF A, periods per year used to annualize;

243.1 returns a year in the case sample.

Day-count convention stEIEH! Rule that turns days into years: calendar
days + 365.25 between dated closes in this
book, actual/365 for the deposit and card
interest of Section 3.
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Term

Drawdown

Recovery gain

Doubling time

Revolving credit

Lump-sum time deposit

Interest-paying time deposit

X
I

[E] 2 Ffr 5 #REN
B (&R

BRI

BEFEM

FAEE

Meaning

DD;=1- Wt/max(Wo, ceey Wt), the
decline from the running peak.

DD/(1 — DD), (1.17).

In2/In(1 + R), exactly In2/g for a
continuous rate.

Card balance carried past the due date and
charged interest.

Time deposit with interest compounded
monthly and paid at maturity.

Time deposit whose interest is paid out
monthly rather than compounded; the
principal is repaid at maturity.
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