LEARNING MODULE
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Optimization in One Variable

Find the top, prove it is the top, and measure how little its exact location matters.

VOLUME |- Calculus for Finance BUILDS ON LM2 - LM3 LEADS TO LM6 - LM7 - LM20 - LM41 - LM42

TIME = 2.5h+Ilab

LEARNING OUTCOMES

Mastery

After this module you should be able to:

O

0

1 identify the critical points of a differentiable function and classify them with
the first- and second-derivative tests

2 use concavity to show that a point where the derivative vanishes is the global
maximum, and prove that the empirical log-growth function of a levered
position is strictly concave

3 solve maximization problems on a closed interval, recognising corner
solutions created by leverage caps and long-only rules, and interpret the
derivative at a corner as a shadow price

4 derive the growth-optimal position of a binary bet, f* = p/a — ¢/b, and
distinguish position size from risk size

5 apply bisection and Newton's method to equations without closed-form
solutions, such as a yield to maturity and the empirical Kelly condition, and
compare their rates of convergence

6 evaluate how sensitive an optimum and its value are to sizing errors and
parameter changes, using the flat-top approximation and the envelope theorem

7 estimate the in-sample growth-optimal leverage of a return series in Python,
and explain why it is not a recommendation
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LEARNING MODULE OVERVIEW

At an interior maximum of a differentiable function the derivative is zero; a negative second
derivative confirms a strict local maximum. A zero second derivative decides nothing.

Concavity turns a zero of the derivative into the global maximum. The empirical growth
function g(f) = # >, In(1 + fR,) is strictly concave, so the empirical Kelly leverage exists and
is unique whenever a sample has gains and losses.

On a closed interval the optimum sits at a critical point or at an endpoint. For a concave
objective it is the unconstrained optimum clipped to the interval; the derivative at a binding
corner is the constraint's shadow price.

A bet that gains b with probability p and loses a otherwise has the exact Kelly position f* =
p/a — q/b. For +2%/-1% at p = 0.5 that is 25 times equity, or 25% of equity at risk per trade;
keeping 25x while p falls to 0.415 makes long-run growth zero.

Bisection gains one binary digit per step; Newton's method roughly doubles the number of
correct digits. On 0050's Kelly condition, bisection needs 44 steps to shrink the bracket below
10712; Newton needs 4. Newton's first step from zero is exactly the quadratic rule /(s> + 2).

In-sample, constant leverage of 5.42x maximized 0050's growth over 2014-2026: 58.84% a year
in log terms against 19.31% unlevered, with a 93.3% drawdown on the way.

Near the optimum the growth curve is flat: in the quadratic model cf* keeps 1 — (1 — ¢)? of the
maximal growth rate. Half Kelly keeps 75% (74.2% on 0050) at half the volatility; 0050 loses all
growth at 1.80 times Kelly.

The envelope theorem prices a parameter change without re-optimizing. At the empirical
Kelly point each unit of financing rate costs exactly f* — 1 units of growth: 4.42 percentage
points a year per point of rate on 0050.

n INTRODUCTION

Optimization chooses the best value of a decision variable: how many lots to buy, which leverage to

hold, what yield prices a bond. In one variable the tools are elementary: a zero derivative at the top, the
second derivative to tell tops from bottoms, and the endpoints. A sound answer settles three questions:

is the critical point the global top, does a constraint bind, and how much does the exact location
matter? This module settles all three for the sizing problem every leveraged trader faces.
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MOTIVATING cASE Five point fourtimes 0050

Take 0050's 2,902 daily total returns from 3 November 2014 to 8 October 2026. Suppose you had
held a constant leverage f: f units of 0050 for each unit of equity, rebalanced daily and financed at
zero cost. Which f makes wealth grow fastest?

Wealth after T days is [[,(1 + fR:), so the question is which f maximizes the sample mean of
In(1 + fR;). The answer is 5.42. At that leverage one unit of equity would have grown to about
1,122, against 10.0 for 0050 itself.

Before acting on it, read the rest of Exhibit 1. The same path fell 93.3% from peak to trough, and
on 7 April 2025 alone it lost 54.2%. Half the leverage would have kept about three-quarters of the
growth rate.

The textbook rule f ~ u/o? gives 5.68: close, but not equal. And the mean return is estimated with
enough error that its 95% confidence band maps into anything from 2.7x to 7.6x.

Which of these numbers, if any, should guide a decision? By Section 7 you will derive each of
them. You will see why the optimum is unique, and why its value is robust while its location is not.
And you will see why the in-sample 5.42x describes the past rather than recommends a position.

Exhibit 1: Constant-leverage 0050, 3 November 2014 - 8 October 2026

Annuallog Growthof1l Annualized Maximum  Worst day (7 Apr
Leverage f growth unit volatility drawdown 2025)
1 (0050 itself) 19.31% 10.0 19.3% -33.9% -10.0%
2 (exact daily 34.87% 64.2 38.6% -57.9% -20.0%
2x)
2.71 (half 43.63% 182.8 52.3% -70.1% -27.1%
Kelly)
5.42 (full 58.84% 1,122.5 104.7% -93.3% -54.2%
Kelly)
9.74 (zero 0.00% 1.0 188.0% —99.99% -97.4%
growth)

Note: constant leverage rebalanced daily, with zero financing and trading costs. Mean daily return i = 0.08712% and

population standard deviation s = 1.2385%, so j1/s* = 5.68. Annual log growth is the mean of In(1 + fR,) times A =

243.11 trading days a year (2,902 returns in 11.937 years); volatility is fs+/A. Rows 3-5 use the unrounded leverages

2.7107,5.4215 and 9.7365. Source: FinMind TaiwanStockPrice and TaiwanStockDividendResult , retrieved 10

October 2026; total returns with reinvested dividends, adjusted for the 4-for-1 split of 18 June 2025, on the trading days

common to 0050 and 00631L as in LM3. Computations: data/1m@4_stats.py andthe companion notebook
LMO4_lab.ipynb .

Sections 2-4 build the tools: first- and second-order conditions, concavity and global optima, and
constraints that create corner solutions. Section 5 derives the binary Kelly bet exactly. Section 6 solves
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equations with no closed form — the empirical Kelly condition and a bond's yield — by bisection and
Newton's method. Section 7 measures the sensitivity of an optimum, introduces the envelope theorem
and resolves the case; Section 8 does it all in Python.

NoTE Notation in this module

f is the leverage, units of the risky asset per unit of equity: a return R becomes f R on equity,
with free financing unless stated. g(f) := E[In(1 + fR)] is the expected log growth per period,
g(f) its sample average, f* the maximizer, g* := g(f*), and ¢ := f/f* the fraction of full Kelly. For
a sample of T returns, ji and s are the sample mean and standard deviation (s divides by T'). ma,
ms and my are the means of R?, R® and R*, so my = 0 + 2 in a model and s® + /2 in a sample.

Generic functions are h(z) and u(z) of a real variable z, generic intervals [, §] and domains D. A
star marks a solution: z* is a critical point, a maximizer or a root. A binary bet (Section 5) wins
with probability p, ¢ = 1 — p, and gains b or loses a per unit staked.

Counts: T returns; N trades with j wins (Section 5). Indices: ¢ for days or payment dates, n for the
steps of an iterative method, k for the order of a derivative.

n FIRST- AND SECOND-ORDER CONDITIONS

[ ] identify the critical points of a differentiable function and classify them with
the first- and second-derivative tests

Optimization starts with a function of one decision variable, such as growth against leverage, and asks
where it is largest. Calculus answers in two steps. The first-order condition locates the candidates; the
second-order condition sorts them.

Local and global extrema

DEFINITION Local and global maximum

A point z* of the domain D C R of a function h is a global maximum of h on D if h(z*) > h(x) for
every x € D. Itis a local maximum if h(z*) > h(z) for every z € D in some open interval around
z*. A maximum is strict if the inequality is strict for z # x*. Minima reverse the inequalities;
maxima and minima together are extrema.

Every global maximum is a local one, but not conversely. A trader cares about the global maximum,
while calculus sees only local information: the slope and curvature at a point. Section 3 shows when
local information is enough.
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The first-order condition

THEOREM Fermat's theorem (first-order condition)

If h has a local extremum at an interior point 2* of its domain and h is differentiable at z*, then
h'(z*) = 0.

Proof. Let z* be alocal maximum. For small A > 0, h(z* + A) — h(z*) < 0, so the right difference
quotient [h(z* + A) — h(z*)]/A is < 0 and its limit gives A'(z*) < 0. For small A < 0 the numerator is
still < 0 but the denominator is negative, so the left quotient is > 0 and h/(z*) > 0. Hence h'(z*) = 0; a
minimum reverses the signs. Bl

DEFINITION Critical point

An interior point z* of the domain at which A'(z*) = 0, or at which h'(z*) does not exist, is a
critical point of h.

Three warnings follow from the proof. The condition is necessary, not sufficient: h(z) = x> has h'(0) = 0
and no extremum. It applies only at interior points; at an endpoint the one-sided argument yields an
inequality instead (Section 4). And a kink, such as |z| at 0, is a candidate even though no derivative
exists there.

The second-order condition

THEOREM Second-derivative test

Let h/(z*) = 0 and let h” be continuous near z*. If h”(z*) < 0, then z* is a strict local maximum; if
h"(z*) > 0, a strict local minimum. If A”(z*) = 0, the test is inconclusive.

Proof. Taylor's theorem with the Lagrange remainder (LM3, eq. (3.5)) gives h(z* + A) = h(z*) +

R (z*)A + 3h"(£)A? for some € between z* and z* 4+ A. The linear term vanishes by the first-order
condition. If A" (z*) < 0, continuity keeps h” < 0 on a small interval around z*, so h(z* + A) < h(z*) for
every small A # 0. The case h”(z*) > 0 is symmetric. B

When h”(z*) = 0, look at higher derivatives. If the first non-zero derivative at z* has order k, a Taylor
expansion to order k fixes the sign of h(z* + A) — h(z*). For even k the point is an extremum, a

maximum if h(¥) (z*) < 0; for odd k the graph crosses its tangent, with no extremum. Exhibit 2 collects
the cases.
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Exhibit 2: Classifying a critical point

Condition at z* Conclusion Exampleatz* =0
R'(z*) =0,h"(z*) <0 strict local maximum —x?

R'(z*) =0,h"(z*) >0 strict local minimum z?

K =hn"=0,hn"#0atz* no extremum (inflection point) z?

R =h"=h"=0h% <0atz* strict local maximum —zt

h'(z*) does not exist compare the signs of A’ on each side —|z| (maximum)

Note: the first-derivative test — h’ changes sign from + to — at z* — finds a local maximum without A" and covers the
last row.

Growth as a function of leverage

Now the decision this module is about. A position of f units of an asset per unit of equity turns a return
R into fR; one period multiplies wealth by 1 4+ fR. Wealth compounds, so the natural objective is the
expected log growth per period,

g(f) == ]E[ln(l + fR)] (4.1)

Section 5 shows why maximizing g maximizes long-run wealth; here only its shape matters. Expand
In(1+z) ~ z — x2/2 (LM3, eq. (3.3)) with z = fR, take expectations, and use E[R?] = ¢% + p? (the
population form of LM3's identity (3.7)):

2

9(f) =~ fu— %(02 + ). (4.2)

The neglected terms are of third order in fR. This quadratic model is a downward parabola. Its first-
order condition pu — f(o? + p?) = 0 gives

K K
fo= P ladect (4.3)
and g” = —(o? + p?) < 0 confirms a strict maximum. The second step drops x?, which is smaller than

o? by the factor (u/0)?; for 0050's daily returns (j2/s)? = 0.0049. The Sharpe ratio SR := (1 — 7¢) /0 is the
mean return in excess of a risk-free rate r¢, per unit of standard deviation (LM38 studies its estimation).

With 7y = 0, as here, it is /o per period.

At the optimum g(f,) ~ u?/ (2(0’2 +u?)) ~ %SRZ: maximal growth is about half the squared Sharpe ratio
per period. There the drag term  fZ(o” + pi°) is exactly half the levered mean f,u, so at the optimum,
volatility drag consumes half the levered arithmetic return. On 0050 at the exact optimum, a levered

continuous-time versions, f* = (u — r7)/o? and g* = r; + SR?/2.

EXAMPLE 1

From Calculus to Kelly - LM4 Optimization in One Variable 6/38


file:///D:/projects/Quant-math-for-beginner/docs/lm/lm03.html
file:///D:/projects/Quant-math-for-beginner/docs/lm/lm03.html

The quadratic rule for 0050 and fora +2% / -1% bet

(1) Over 2014-2026, 0050's mean daily total return was i = 0.08712%, with population standard
deviation s = 1.2385%. Apply (4.3), and explain why it overshoots the exact optimum of Section 6.
(2) A trading rule gains 2% or loses 1% of the position with equal probability. Apply (4.3) and
compare with the exact optimum of Section 5, 25x%.

SOLUTION

(1) The mean square is ms = s> + fi* = 1.5415 x 10~*, so f, = 0.0008712/0.00015415 = 5.652;
dropping /2 gives fi/s* = 5.680. The predicted maximal growth is %/(2m,) = 0.2462% a day, or
59.85% a year with A = 243.11. The exact in-sample optimum (Section 6) is 5.42, with 58.84% a
year. The rule's leverage is 4% too high, while the growth it predicts is only 1.0 percentage point
too high.

The overshoot comes from fat tails. Two more terms of In(1 + z) add f*m3 — f3my to the first-
order condition. For normal returns ms ~ 3uc? and m, ~ 30*, up to terms smaller by the factor
(u/o)?, so at f = u/o? the two terms cancel.

The mean of (R — f1)*, divided by s*, exceeds the normal value 3 by that much. 0050's my is 3.7
times that of normal returns with the same mean and variance, so the quartic term wins and pulls
the optimum down. The two +10% days are not the main cause: without them the rule still
overshoots, 5.92 against an exact 5.74, three-quarters of the full-sample gap.

(2) Here p = 0.5% and E[R?] = 5(0.02% + 0.01*) = 0.00025, so f, = 20 with predicted growth
©?/(2E[R?]) = 5.00% per trade, against the exact 25x and 5.889%. The rule fails because at f = 20
the levered outcomes are +40% and —20%. That is far outside the range |z| < 0.1 where xz — z%/2 is
accurate (see the pitfall on large returns in LM3).

PITFALL A zeroderivative is not a maximum

Setting h/(z) = 0 finds every critical point where h is differentiable: maxima, minima and
inflection points alike. The tests of Exhibit 2, or concavity on the whole domain (Section 3), tell
them apart. Check one of them before calling a critical point optimal.
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KNOWLEDGE CHECK 1

Find and classify the critical points of h(z) = z* — 62 + 9z + 1.

ANSWER

h'(z) = 32% — 12z + 9 = 3(z — 1)(z — 3), so the critical points are z = 1 and z = 3. With
h"(z) = 6z — 12: h”(1) = —6 < 0, a strict local maximum with k(1) = 5; A"(3) = 6 > 0, a strict
local minimum with h(3) = 1. Neither is global on R, because h(z) — +oo as z — +o0.

n CONCAVITY AND GLOBAL OPTIMA

[ ] use concavity to show that a point where the derivative vanishes is the global
maximum, and prove that the empirical log-growth function of a levered
position is strictly concave

The second-derivative test is local: it compares z* only with its neighbours. A sizing decision needs a
global answer — no leverage anywhere does better. Concavity converts local information into that
global guarantee.

DEFINITION Concave and convex functions

A function h is concave on an interval [ if, for all z;,z3 € I and w € [0, 1],
h(wzy + (1 — w)z2) > wh(w1) + (1 — w) h(za),
that is, every chord lies on or below the graph. It is strictly concave if the inequality is strict

whenever z; # z, and 0 < w < 1. A function h is convex (strictly convex) if —h is concave (strictly
concave).
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For twice-differentiable functions there is a working test, stated here without proof (Simon and Blume
1994, chapter 21). On an open interval, h is concave exactly when h” < 0 throughout, and A" < 0 implies
strict concavity. The converse of the last statement fails: —z* is strictly concave although its second
derivative vanishes at 0.

THEOREM A critical point of a differentiable concave function is a global maximum

Let h be differentiable and concave on an interval I, and let z* be an interior point of I with
h'(z*) = 0. Then z* is a global maximum of h on I. If h is strictly concave, z* is the only
maximizer.

Proof (when h"” < 0 on I). For any = € I, Taylor's theorem (3.5) gives h(z) = h(z*) + h'(z*)(z — z*) +
1R"(€)(z — *)* < h(z*), because h'(z*) = 0 and h"(£) < 0.If A" < 0 on I, the inequality is strict for z #
z*. B The Deep Dive proves the theorem without second derivatives.

One corollary is used constantly. A differentiable, strictly concave function has at most one critical
point, and if it has one, that point is the global maximizer. Finding the optimum then becomes a pure
root-finding problem, the subject of Section 6.

DEEP DIVE A concave function lies below its tangent lines optional - click to expand
Let h be concave and differentiable on I, with 1,z € I. For w € (0, 1], concavity with weight w on

z gives h(z1 + w(z — 1)) > (1 — w) h(z1) + w h(z). Subtract h(z;) and divide by w > 0:

h(z1 + w(z — 1)) — h(z1) - h

(z) = h(z,).

Asw — 0" the left side tends to h'(x1)(z — x1). Hence h(z) < h(z1) + h'(z1)(x — z1) for every z €
I: the graph lies below each of its tangent lines. If h'(z;) = 0, this reads h(z) < h(z;), which
proves the theorem with no assumption on . B

The log-growth function is strictly concave

Apply this to the sample version of (4.1). For returns Ry, ..., Rr, the empirical growth function is

11’1(1 + th), (44)

\TMH
I

9(f) = %

defined on the set D of leverages with 1 + fR; > 0 for every ¢. If the sample contains both gains and
losses, D is the open interval (—1 /Raxs 1/ |Rmm|). Differentiating term by term,

gf) =

N~

T

Ry

— 4.5
t_Zl 1+ fR; ( )
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7'(f) = —% 3y _ (4.6)

REsuLT EXxistence and uniqueness of the empirical Kelly leverage

Suppose a sample contains at least one gain and one loss. Then g is strictly concave on D =
(—=1/Rumax, 1/|Rmin|) and has exactly one maximizer f* € D, the root of g'(f) = 0.

Uniqueness follows from (4.6), since g’ is continuous and strictly decreasing on D. For existence, let f
rise towards 1/|Rpin|: the worst day's term Ryin/(1 + fRmin) tends to —oo, so §' — —oo. As f falls
towards —1/Rpax, the best day's term tends to +oo, and so does J.

The intermediate value theorem says that a continuous function that is positive at one point and
negative at another is zero somewhere between them. It is stated here without proof (Stewart, Clegg
and Watson 2021, chapter 2). So g’ crosses zero, and exactly once. The same edges show that g(f) —
—oo: near 1/| Ry, | the worst day all but wipes out the account.

For 0050 the largest daily loss and gain were both exactly 10%: —10.00% on 7 April 2025 and +10.00% on
31 July 2026. Ten per cent is Taiwan's daily price limit, in force since 1 June 2015 (it was 7% before). So
D = (—10,10), and at 10x a single limit-down day ends the experiment. Exhibit 3 plots g for 0050 against

the quadratic model.

Exhibit 3: Annual log growth of constant-leverage 0050, November 2014 - October 2026

— Exact: mean of In(1 +fR)  --- Quadratic model: f x sample mean - f’m,/2

Annual log growth rate

60% N
¥ Kelly / ~~~~~~
° ~
40% /
20% C)
/ o
0%

-20%

ruin at 10x

zero growth 9.74

0.0x 2.0x 4.0x 6.0x 8.0x 10x

Leverage f (units of 0050 per unit of equity, rebalanced daily)

Note: the exact curve is A g( f) from (4.4), with A = 243.11; the dashed curve is A(fﬂ - % 2m2) from (4.2). The exact
curve peaks at f* = 5.42 (58.84% a year), returns to zero at 9.74 and falls to —oo at 10. The parabola peaks at 5.65
and would return to zero at 11.30, beyond the ruin point.

EXAMPLE 2
Where the parabola misleads
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A familiar rule says growth returns to zero at about twice the Kelly leverage. Check it on 0050, and
explain the gap using the worst day in the sample.

SOLUTION

The quadratic model's zero is 2 f; = 2/i/my = 11.30, outside D. The exact zero-growth leverage, the
root of g(f) = 0 above f*,is 9.74, or 1.80 times f*. It has no closed form; Section 6 shows how to
find it.

The largest daily losses explain the gap. At f = 9.737, 7 April 2025 alone multiplies equity by 1 —
0.9737 = 0.0263, a log return of —3.64. That single day cancels the gains of the other 2,901 days.

At f* the same day costs —0.78 log points out of a total of 7.02. The logarithm punishes a large loss
far more than it rewards an equal gain: In(1 — 0.54) = —0.78, but In(1 + 0.54) = +0.43. Fat tails
therefore pull the growth curve down faster than any parabola as leverage approaches the ruin
point.

PITFALL Local optima of a non-concave objective

"Local equals global" is a property of the objective, not of the search. A backtest's Sharpe ratio is
usually bumpy in its parameters; a grid search returns the highest bump, which is largely noise
(LM39). Kelly sizing is well posed because the logarithm of an affine function of f is concave.

Treat the optimum of a bumpy objective as a hypothesis.

MEE . RERAMREZIHRTK

MKE (concave > BfmTE ~ ZEER TA) BERMEME | AIMAIMERS R BRI
KFERE > EMERIHERK ; BRISMEEEH—1 o« FHHEAER §(f) B5F2 In(1+ fR) B
19 > BRERIEL 0 FTURERABREK @ YINREEE—EFE > MERE—(E - 0050
BHRARGKEZE 10% (SRIREKIERES]) - MIERAEETTE -10 2 10 F 2 ; #5HE 10 £Z
—IREKEFBIRE BT - dhARIRSLLIARIRIG S o FEEIRER | & concave=["iKE
convex=[K¥ ; BLEMBORAR MO L] HER convex o
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KNOWLEDGE CHECK 2

Show that the growth function of a binary bet, h(f) = pln(1 + fb) + qIn(1 — fa) with 0 < p < 1,
g=1—panda,b >0, is strictly concave on (—1/b, 1/a).

ANSWER
pb qa pb? qa’ )
R(f) = _ dr'(f) = — - .Both't t th
(f) T+ 1-fa and h"(f) 1752 (- fa) oth terms are negative on the

interval, so h” < 0 and h is strictly concave. Any critical point is therefore the unique global
maximum, which Section 5 computes.

n CONSTRAINTS AND CORNER SOLUTIONS

[ ] solve maximization problems on a closed interval, recognising corner
solutions created by leverage caps and long-only rules, and interpret the
derivative at a corner as a shadow price

Real positions face limits. A cash account cannot borrow, many mandates cannot sell short, and
brokers cap margin. Each limit confines f to an interval, and the optimum may then sit on the
boundary, where the derivative need not be zero.

THEOREM EXxtreme value theorem

A continuous function on a closed, bounded interval [a, 8] attains a maximum and a minimum on
it.

The theorem is stated without proof (Stewart, Clegg and Watson 2021, chapter 4). It turns optimization
on [a, ] into a finite search, the closed-interval method. Evaluate h at its critical points in («, ) and at
both endpoints, and take the largest value; the method needs continuity only, not concavity.

First-order conditions at a corner

At an endpoint the argument of Fermat's theorem runs on one side only, so it delivers an inequality. If a
differentiable h attains its maximum on [a, 5] at 3, every left difference quotient [h(8 — A) —
h(B)]/(—A)is > 0,s0 h'(B) > 0. Likewise a maximum at « requires h'(a) < 0. Collecting the three cases,

K(a) <0 ifz*=aq,
maximum at z* € [, 8] = (k' (z*) =0 ifa<z*<p,
R(B) >0 ifz* =B

These are the one-variable Karush-Kuhn-Tucker (KKT) conditions, which LM7 extends with Lagrange
multipliers. For a concave h they are also sufficient, by the tangent-line inequality of the Deep Dive in
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Section 3.

The derivative at a binding corner has an economic reading. If the optimum is 8 and k'(8) > 0, relaxing
the limit to 8 + A raises the objective by about h'(8) A when A is small. That derivative is the shadow
price of the constraint: the rate at which relaxing it raises the objective, a marginal value rather than a
total. In LM7 it becomes the Lagrange multiplier.

propPosITION Clipping

Let h be differentiable and concave on an open interval containing [a, 8], with an unconstrained
maximizer z*. Then the clipped point min ( max(z*, &), 8) maximizes h on [a, 8]; if b is strictly
concave, it is the only maximizer.

Proof. If * € |a, B] there is nothing to show. If z* > 3, then k' is non-increasing with A'(z*) = 0,so k' > 0
on [a, f] and h is non-decreasing there. Hence § is a maximizer, and the only one if & is strictly concave,
since then A’ > 0 on [, f]. The case z* < a is symmetric. B

Two corners in the 0050 data

A long-only investor without a margin account can still reach any leverage between 0 and 2. Mixing
cash, 0050 and the daily 2x fund 00631L (LM3) does it, if rebalanced daily and ignoring costs and
replication basis. The feasible set is [0, 2]. Exhibit 4 shows what in-sample optimization recommends
year by year, with and without that interval.
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Exhibit 4: Empirical Kelly leverage of 0050 in the full calendar years 2015-2025, and the

optimum on [0, 2]

Year 0050 totalreturn j(bpaday) s(%aday) Unconstrained f* Optimumon [0,2]
2015 -6.31% -2.13 1.044 -1.93 0
2016 +19.64% +7.81 0.956 +8.37 2
2017 +18.13% +6.95 0.592 +19.41 2
2018 -4.95% -1.50 1.046 -1.40 0
2019 +33.52% +12.26 0.782 +19.73 2
2020 +31.08% +12.12 1.462 +5.44 2
2021 +21.97% +8.77 1.126 +6.97 2
2022 —21.34% -8.79 1.389 —4.46 0
2023 +27.40% +10.53 0.894 +13.58 2
2024 +48.67% +17.66 1.580 +5.95 2
2025 +36.85% +14.43 1.575 +5.11 2
Nov 2014 - Oct 2026 +902.25% +8.71 1.239 +5.42 2

Note: the rows are the full calendar years 2015-2025. The partial years 2014 (from 3 November: +2.37%, f* = 7.97)
and 2026 (to 8 October: +78.71%, f* = 8.80) enter only the full-sample row. The rows compound to +447.8%, not
+902.25%. f* maximizes the period's mean of In(1 + fR;) over its own domain (—l/RmX, 1/\Rmm\). The optimum
on [0, 2] is f* clipped to the interval. Source: as Exhibit 1.

Two facts stand out. Year by year the unconstrained optimum ranges from a 4.46x short position to
19.73x long. And every constrained optimum is a corner: 0 in the three years with 4 < 0, 2 in the eight
with f* > 2.

EXAMPLE 3
Two corners: the 2x ceiling and the long-only floor

(1) For the full sample, find the optimal leverage on [0, 2], the growth it delivers and the shadow
price of the ceiling. Estimate the gain from raising the ceiling to 2.5. (2) For 2022 alone, show that
the long-only floor binds.
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SOLUTION

(1) g is concave and f* = 5.42 > 2, so by clipping the optimum is the corner f = 2: everything in
the 2x fund. Growth is 34.87% a year (x64.2 over the sample), against 58.84% at f*. The corner

condition holds: A §'(2) = 13.68% a year per unit of leverage, a positive number. That is the
shadow price.

Raising the ceiling to 2.5 should add about 0.5 x 13.68% = 6.84% a year; the exact gain is 6.37%,
smaller because g’ falls as f rises. In practice 00631L grew x44.5, not x64.2, because of the costs
and replication basis analysed in LM3.

(2) In 2022, i = —8.79 bp a day and the unconstrained optimum is f* = —4.46, a 4.46x short
position. On [0, 2] the optimum is the corner f = 0, and the corner condition §’(0) = 2 < 0 holds.
In hindsight, cash beat every long position that year.

piITFaALL Forcing the derivative to zero at a boundary

At a binding constraint the derivative is not zero, and solving h'(z) = 0 returns an infeasible
point: 5.42 when the ceiling is 2. Solve the unconstrained problem, then clip (for a concave
objective) or compare endpoints (in general). Exhibit 4 also shows a benefit of corners: once a
ceiling binds, the decision is the same for every estimate of f* above it. Corners make decisions
robust to estimation error, a point Section 7 returns to.

AR FEE

IREPRVEIER L TR | JHEIRA 2 0050 /0 00631L > &=Z49 2 fF ; FEERZE > TIRFLE
0 - EELNRAEAEEERM (B  EREHEF—ER/T - ELR2EET(2) >
0> &R THNREBZME—F > ARFEGEN ; EESEMIERFINTZFER > BHE—
RLEELEFRVERIE IR » NEARIGINE > thE LMT hIAREA B SREBY—4EhR 7S - BREREEM
RS - BERFINEBEREZEEAMEES © 2015-2025 BETEFENETEEEA

BB M BEERMARN=FEE 0 HEf/\ER f &#iBB 2 EELR2-
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KNOWLEDGE CHECK 3

Find the global maximum and minimum of h(z) = z* — 3z on [-2, 3|.

ANSWER

R (z) = 32> — 3 = 0 at z = +1, and the candidates give h(—2) = —2, h(—1) = 2, h(1) = —2 and
h(3) = 18. The global maximum is the corner = 3, even though z = —1 is a strict local
maximum. The global minimum, -2, is attained twice: at the corner x = —2 and at the
interior point z = 1. The function is not concave, so clipping does not apply and every
candidate must be compared.

n THE BINARY KELLY BET

[] derive the growth-optimal position of a binary bet, f* = p/a — ¢/b, and
distinguish position size from risk size

The simplest sizing problem has one source of risk, two outcomes and an exact solution. It exposes the
confusion between position size and risk size, and shows how sharply the optimum depends on the win

Why maximize expected log growth

A trade gains a fraction b of the position with probability p and loses a fraction a with probability ¢ =
1 — p, independently of other trades. With a position of f times equity, one trade multiplies wealth by
1+ fbor1 — fa. After N trades with j wins,

1% . . 1. W ' ]
WJOV =1+ YA - fa)¥7,  n WJZ = %ln(l +fb) + (1 - %) In(1 — fa).

1 1
9(f) =p(l + fb) +qIn(l - fa), -3 <f<_. (4.7)
Ifg(f) > g( f), the ratio of the two wealth paths behaves like e/Nl9(f )=9(9] and grows without bound. The
fraction with the highest g therefore ends up with more wealth than any other fixed fraction, with

probability one (Breiman 1961; Thorp 2006). That is Kelly's (1956) criterion: maximize the expected log
growth. MacLean, Thorp and Ziemba (2011) collect the classic papers on it.

Deriving the Kelly position

From (4.7),
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/ . pb qa " _ pb2 qa2
g('f)_l—l—fb_l—fa, g(f)__(1+fb)2_(1_fa)2<0.

The growth function is strictly concave (the Knowledge Check of Section 3), so the root of ¢’ is the
unique global maximum. Setting ¢'(f) = 0 and cross-multiplying gives pb(1 — fa) = ga(1 + fb), so pb —
ga = fab(p + q) = fab, and

_pb—gqa _p

* q
— == — = 4.8
/ ab a b (48)
No approximation was made: (4.8) is exact. Substituting it back gives 1 + f*b = p(a + b)/aand 1 —
f*a = q(a +b)/b, so the maximal growth rate is
b b
g*:plnwﬂlnq(aTﬂ, (4.9)
a

A rewriting makes (4.8) easier to read. Let 7 := a/(a + b) be the break-even probability, at which the
expected return pb — qa is zero. Then

1 1
e — ). 4.10
fr=(c+3)p-m (4.10)
The Kelly position is proportional to the probability edge p — 7, with slope 1/a + 1/b. It is positive
exactly when the expected return is positive. With no edge, f* = 0 is an interior optimum with ¢'(0) =
0; with a negative edge, a long-only rule gives the corner solution f = 0.

REsuLT The binary Kelly bet

For a bet that gains b with probability p and loses a with probability ¢ = 1 — p, the growth-
maximizing position is exactly f* = p/a — ¢/b = (1/a + 1/b)(p — 7) times equity, where 7 =

a/(a + b). The growth function is strictly concave, so f* is unique, and the maximal growth (4.9) is
positive whenever p > .
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Binary Kelly bet: growth per trade against position size INTERACTIVE

— Exactg(f) --- Quadratic model

Log growth per trade

f* =25.0x

5.0% ¥ Kelly

2.5%

0.0% ~ ()

-2.5% N\

-5.0%
0.0x 10x 20x 30x 40x 50x 60x

Position f (multiple of equity)

Bet:p, b, a Kelly position f* Risk per losing trade f*a
0.500, +2.0%, -1.0% 25.0x equity 25.0% of equity
Growth per trade at f* Half Kelly keeps Zero growth at
5.89% 76.1% of it 50.0x (2.00 f*)
Break-even probability Onelossisruinatf=1/a

0.333 100.0x

Solid: exact growth per trade g(f) = p In(1 + fb) + q In(1 - fa) for a position of f times equity. Dashed: the quadratic
model fu - PE[R?]/2. Dots: half Kelly, full Kelly f* = p/a — g/b and the zero-growth point. One loss at f = 1/a wipes
out the account.

Position size versus risk size

On a losing trade the account loses fa of equity, the risk fraction. Multiplying (4.8) by a,

a
f*a:p—qg. (4.11)
When the whole stake can be lost, a = 1 and position equals risk. Then (4.11) is the classic Kelly
formula p — ¢/b for a bet paying b to 1, which Thorp (2006) writes as (bp — q)/b. A stop-loss trade loses
only a of the position, so the two numbers differ by the factor 1/a: 100 for a 1% stop.

Equation (4.11) carries a second message. Scaling a and b by the same factor leaves the payoff ratio b/a,
ffa,1+ f*band 1 — f*a unchanged, so by (4.9) it leaves g* unchanged. Only the payoff ratio and the win
probability determine the attainable growth. The stop distance sets the position size that delivers it.

EXAMPLE 4
The +2% / -1% bet
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A trade gains 2% or loses 1% of the position with equal probability. Find the Kelly position, the
risk per trade and the maximal growth. Then evaluate a trader who reads "Kelly = 25%" as "put
25% of capital into the trade".

SOLUTION

By (4.8), f* = 0.5/0.01 — 0.5/0.02 = 50 — 25 = 25: a position of 25 times equity. A loss costs 25 x
1% = 25% of equity, the risk fraction of (4.11): f*a = 0.5 — 0.5 x 0.01/0.02 = 0.25. Growth at the

optimum is g* = 0.5In1.5 + 0.51In0.75 = 5.889% per trade, from a levered arithmetic mean of 25 x
0.5% = 12.5%.

The trader who holds 0.25 times equity risks only 0.25% per trade. Growth is 0.51n 1.005 +
0.51n0.9975 = 0.1242% per trade, 2.1% of the maximum. "25x equity" and "25% at risk" are the
same decision in two units; mixing the units costs a factor of 100.

The same curve has two more landmarks. Its domain is (—50, 100), so one loss at 100x ends the
account. And growth returns to zero at exactly 50 = 2f*, because (1 + 50 x 0.02)(1 — 50 x 0.01) =
2x05=1.

Sensitivity to the win probability

Equation (4.10) makes the sensitivity explicit: df*/dp = 1/a + 1/b, which is 150 for the +2%/-1% bet.
One percentage point of win probability moves the Kelly position by 1.5 times equity. Exhibit 5 follows
the bet as its true win probability falls, and asks what happens to a trader who keeps the 25x position.

Exhibit 5: The +2% / -1% bet as the win probability falls

Win probabilityp  Kelly position f* Risk f*a Maximal growth g* per trade Growth at a fixed 25x

0.60 40.0 40.0% 14.834% +12.821%

0.55 32.5 32.5% 9.856% +9.355%

0.50 25.0 25.0% 5.889% +5.889%

0.45 17.5 17.5% 2.924% +2.423%

0.41504 12.3 12.3% 1.451% 0.000%

0.40 10.0 10.0% 0.971% -1.042%

1/3 (break-even) 0 0 0 -5.663%

Note: f* = 150p — 50 by (4.10). A fixed 25x position has zero growth at p = In(1/0.75)/1n(1.5/0.75) = 0.41504,
where f* = 12.26: the fixed position has become 2.04 times Kelly.

Growth at a fixed 25x% stays positive until p falls to 0.415. There the true Kelly position is 12.26, so the
trader holds about twice Kelly, the zero-growth point of Section 7. Below it the trader loses money in
the long run even though every trade still has a positive expected return. At p = 0.40 the expected
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return is 0.40 x 2% — 0.60 x 1% = +0.2% per unit of position, yet the 25x position shrinks wealth by
1.04% per trade.

DEEP DIVE Kelly's information interpretation: maximal growth is a relative entropy

optional - click to expand

Write (4.9) with7m =a/(a+b)and1 — 7w =b/(a + b):

q
1—m

g =p1n§+q1n =: Dky(p || 7).

Dxj, is the relative entropy, or Kullback-Leibler divergence, between the true probability p and
the break-even probability 7. Using Inz < z — 1 (Practice Problem 5 of LM3),

T 1—7 T 1—7
— Diw(p||7) = pln = + ¢ln gp(——1)+ ( —1):0
(pl|l7) =p paal . ’ i\ :

with equality only if p = .

Allowing f < 0 (betting against the trade), maximal growth is positive whenever the true
probability differs from the break-even one. It measures that difference in information units. This
is the "new interpretation of information rate" of Kelly (1956); Cover and Thomas (2006, chapter 6)
develop it for horse races. B

PITFALL "Kelly says 25%" without a unit

The same decision can be stated as a 25x position or as 25% of equity at risk. Read as "25% of
capital in the trade", it becomes a position one hundred times too small. Read as "25% leverage" on
a trade with a 10% stop, it puts 250% of equity at risk: one loss is ruin.

State a Kelly number with its unit: a multiple of equity, or the fraction of equity lost if the trade
fails. Recompute the position whenever the stop distance changes.

SBfirk s vs ERRA D

FFAT f* =p/a—q/b BHNZE TEMIREAIEE > BRARN ffa=p—qa/bENE T—
ERX5BEFRHERERAILLA) ) (BEARERENL o = 1 KMEEHN p — ¢/b) > MEE—E
1/a ° +2%/-1% ~ BSFR AR : BRI 25 18 ~ SR 25% » sHHIZRE—HE ; 18 125%. 5758
B TE25% BT T8 » SMIRRFFNEDZ— » REXRFFRAENL 2% - Z—(EERS
RHBRBESR = (1/a+1/b)(p — ) > BEREIE LEBT DR > 8wl 1.5 Fx
EER 25 fEmiEREE 0.415 B » SR ZREAZRIMNZIER > REFEFIREAEER

o

A
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KNOWLEDGE CHECK 4

A trade gains 3% with probability 0.45 and otherwise loses 1.5%. Find the Kelly position and the
risk per losing trade, and verify the risk with (4.11).

ANSWER

f*=0.45/0.015 — 0.55/0.03 = 30 — 18.33 = 11.67 times equity. A loss costs 11.67 x 1.5% =
17.5% of equity. By (4.11), p — ga/b = 0.45 — 0.55 x 0.5 = 0.175: the same 17.5%.

n ROOT FINDING: BISECTION AND NEWTON'S METHOD

[ ] apply bisection and Newton's method to equations without closed-form
solutions, such as a yield to maturity and the empirical Kelly condition, and
compare their rates of convergence

The binary bet is the exception: most first-order conditions have no closed form. The empirical Kelly
condition §'(f) = 0 is the sample version of E[R/(1 + fR)] = 0. Once denominators are cleared, for 0050
it becomes a polynomial equation of degree 2,709, one less than the number of distinct non-zero daily
returns.

A bond's yield and a project's internal rate of return are roots of polynomials too. Numerical root
finding solves u(z) = 0 to any accuracy, and for a smooth concave objective h, maximizing h is root
findingonu = h'.

Bisection

DEFINITION Bisection method

Let u be continuous on [z, Zhi], With u(z),) and u(zy;) of opposite signs. Evaluate u at the
midpoint Zmia = (21, + Zni)/2 and keep the half-interval whose endpoints still have opposite signs.
Repeat.

By the intermediate value theorem (Section 3) every interval in the sequence contains a root. After n
steps the bracket has width (zpn; — x1,)/2", so its midpoint is within (zy; — 21,) /2" of a root. A bracket
of width ¢ takes

Tpi — I
n > log, il

steps: one binary digit per step, or about 3.3 steps per decimal digit. The error bound shrinks by a
constant factor each step, which is called linear convergence. Bisection needs only continuity and a
sign change, and it cannot fail.
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Newton's method

Newton's method replaces u by its tangent at the current point, the first-order Taylor polynomial of
LM3, and jumps to the tangent's root:

(4.12)

Tp+l = Tn —

Applied to u = b’ for a maximization, the step is z,+1 = x,, — h'(z,,)/h"(z,): each iteration maximizes
the second-order Taylor model of & at z,,.

The speed comes from the remainder. Let z* be a root with v'(z*) # 0 and write e,, = z, — z*. Taylor's
theorem gives 0 = u(z*) = u(z,) + v'(z,)(z* — z,) + $u"(§,)(z* — z,)* for some ¢, between z,, and z*.
Dividing by v/(z,) and using (4.12),

entl = % el. (4.13)

The error is squared at each step: quadratic convergence. Once |e,| is small, the number of correct
digits roughly doubles per iteration. The constant C' = |u"(z*)/(2v/(z*))| says how small is small:
squaring helps once C|e,| < 1.

THEOREM Local quadratic convergence of Newton's method

Let u be twice continuously differentiable near a root z* with v/(z*) # 0. Then there is an interval
around z* such that Newton's method started anywhere in it converges to z*. Moreover, |e, 11| <
K|e,|* for some constant K.

The theorem is stated without its full proof; (4.13) is the core, and Burden, Faires and Burden (2016,
chapter 2) supply the details. It is a local result. Far from the root the tangent can point anywhere.
Where u'(z,,) =~ 0 the step is huge, and a step can leave the domain or land near a different root.

Safeguarded methods combine the two ideas. They keep a bracket, accept a fast step (Newton or
secant) when it lands inside it, and bisect otherwise. Brent's (1973) method, available as
scipy.optimize.brentq, is the standard version: it never loses the bracket and converges superlinearly
near the root.

The empirical Kelly condition

Newton's method on u = g’ uses (4.5) and (4.6). Start from f, = 0, where g'(0) = i and g’ (0) = —ma:

The quadratic rule (4.3) is exactly one Newton step from zero. Each later step refits the quadratic model
at the current point. Exhibit 6 runs both methods on 0050. Bisection starts from the bracket [0, 9.9],
since §'(0) = 1 > 0 and g'(9.9) < 0: g’ falls towards —oo as f approaches 10, where it is undefined.
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Exhibit 6: Newton's method and bisection on 0050's empirical Kelly condition

Stepn Newton f, Newton error | f,, — f*| Bisection bracket width Bisection midpoint error
0 0 5.4 9.9 0.47

1  5.651642810 2.3x 107! 4.95 2.0

2 5.423914969 2.4 x 1073 2.475 0.77

3 5.421488036 2.5 x 1077 1.2375 0.15

4 5.421487783 2.8 x 1071 0.61875 0.16

10 9.7 x 1073 2.6 x 103

20 9.4 x 107 3.6 x 1077

30 9.2 x 107° 4.2 x 107°

44 5.6 x 10713 4.8 x 10714

Note: f* = 5.421487782858. Errors use 50-digit arithmetic on the exact returns, because the last ones are at the level
of double-precision rounding. Newton's unrounded errors give ez/e% = 0.046 and eg/eg = 0.043, closeto C =

1" (£*)/(2g"(f*))| = 0.043 from (4.13). Bisection's bracket halves every step, while its midpoint error need not fall
every step; 44 steps bring the width below 10712,

EXAMPLE 5
Yield to maturity by Newton's method and by bisection

A five-year bond pays an annual coupon of 1.5 per 100 face value and trades at 97.80 (illustrative
numbers). Its yield y solves P(y) = 97.80, where

5

1.5 100
PO =2 Gy T ar g

LMB6 derives the pricing formula. Find y by Newton's method from yy = 1.5%, and count the
bisection steps needed to shrink the bracket [0, 0.10] to a width of 10~ °.

SOLUTION

Let u(y) = P(y) — 97.80, with «/(y) = — >, ¢ x 1.5/(1 + )" — 500/(1 + y)°. At yo = 1.5% the bond
would trade at par, so u(yy) = 2.200, and v'(y,) = —478.26; hence y; = 1.5% + 2.200/478.26 =
1.96000%. Next, u(y1) = 0.0293 and u'(y1) = —465.59 give y, = 1.96629%, and y3 = 1.9662919%
prices the bond to within 2 x 10713, The yield is 1.9663%.

Bisection starts from u(0) = 107.50 — 97.80 > 0 and »(0.10) = 67.78 — 97.80 < 0. It needs
[log,(0.10/10719)] = [29.9] = 30 steps against Newton's three. Newton is faster here because P is
smooth and gently curved and the coupon rate is a good starting point. Bisection's advantage is
that it needs none of these.
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PITFALL Newton's method without a bracket

Newton's method trusts the tangent. Cash flows of -100, +230 and —132 (a project with a closing
cost) have two internal rates of return, 10% and 20%. Their NPV is flat at 14.8%. Newton started at
149% first jumps to —1.20% and ends at 10%; started at 15%, it jumps to 72.50% and ends at 20%.

On 0050's Kelly condition Newton converged from all 199 starting points from —9.9 to 9.9 (step 0.1),
in at most eight steps. That is a property of the function, not of the method: use a bracketing
method ( brentq ) whenever a sign change is known.

Z R ESEE

oA SRR > BEIE [ T —(U/NBANE 33 Y 0 REREEEE - HEEMRM
—EUWR o FIERARIEN » SREF—DPKOTH—R > [ERUBEELENE ; BEEEEYF
AURERS » PR KRG BMSRIE > AIAEBkE E R MEIS —ER - BF LMERS (scipy
B9 brentq) : AERBRERIERE > BRARENDRE - RUWHIZE | 1)t f = 0 HENE—FF
8% > MIFRER AL o/ (s* + i2) o £ 0050 E4-IEAMS shEIESIERE » —97%8IE 44
FTABERES] 1012 AT o

KNOWLEDGE CHECK 5

Ayield is known to lie between 0% and 10%. How many bisection steps reduce the bracket to a
width of 1076 (0.01 bp)?

ANSWER

The width after n steps is 0.10/2", so we need 2" > 0.10/10"% = 10°, i.e. n > log, 10° = 16.6.
Seventeen steps suffice.

[ SENSITIVITY OF THE OPTIMUM: FLAT
TOPS AND THE ENVELOPE THEOREM

[ ] evaluate how sensitive an optimum and its value are to sizing errors and
parameter changes, using the flat-top approximation and the envelope
theorem

[ ] estimate the in-sample growth-optimal leverage of a return series in Python,
and explain why it is not a recommendation
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Two questions remain once an optimum is found: what does missing it cost, and how do the optimum
and its value move with the inputs? The second-order term of a Taylor expansion answers the first, the
envelope theorem the second. Together they resolve the case.

Flat tops
At an interior maximum the first-order term of the Taylor expansion vanishes, so
9(f) =g"+39"O)(f — ) =g + 39" (f)f - )% (4.14)

where the approximation drops terms of third order in f — f*. The loss from mis-sizing is of second
order in the sizing error. An error twice as large costs four times as much, and a small error costs very
little. The top of a smooth maximum is flat.

In the quadratic model the flat top has an exact form. Write (4.2) as g(f) = fu — ; F2ma, with f* = p/mo
and g* = ,uz/(2m2). Substituting f = cf”,

glef*) = L E (2c— ) g* = 1-(1- 0)2] g (4.15)

3
[\V]

v
[\

REsuLT Fractional Kelly in the quadratic model

A position of ¢ times the Kelly leverage keeps the fraction 1 — (1 — ¢)? of the maximal growth rate,
with c times the volatility. Half Kelly keeps 75% of the growth at half the volatility; quarter Kelly
keeps 43.75% at a quarter. Over-betting mirrors under-betting: 1.5 f* also keeps 75%, at three
times the volatility of half Kelly. Growth is zero at ¢ = 2 and negative beyond.

This is Thorp's (2006) ¢(2 — c). Exhibit 7 compares (4.15) with the exact curves for 0050 and for the +2%/
-1% bet.
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Exhibit 7: Growth kept at a fraction ¢ of the Kelly leverage

--- Quadraticmodel: 1 - (1-c)®> — 0050 in-sample (exact) — +2%/-1% bet, p=0.5 (exact)
Growth kept, g(cf*) / g(f*)

half Kelly full Kelly
100% /—
@

50%

0% )
0050: zero at 1.80

-50%

0.00 0.50 1.00 1.50 2.00

Fraction of Kelly leverage ¢ = f/ f*

Note: 0050 uses the exact in-sample ratio g(cf*)/g(f*) with f* = 5.42; the curve ends at ¢ = 10/ f* = 1.845, where
10x leverage meets the —-10% day. The bet uses (4.7) with f* = 25.

Below full Kelly the three curves nearly coincide: half Kelly keeps 75% in the model, 74.2% for 0050 and
76.1% for the bet. Beyond full Kelly they part: the bet's curve is exactly symmetric about ¢ = 1 and
reaches zero at ¢ = 2, as Example 4 found. 0050 falls away: 1.5 times Kelly keeps 69.1% instead of 75%,
1.75 times keeps 17.9%, and growth is zero at 1.80 times. Over-betting a fat-tailed asset is far worse than
the parabola suggests; under-betting is not.

EXAMPLE 6
Half Kelly on 0050

Compare full and half Kelly on 0050 in-sample, and check the flat-top approximation (4.14) for the
growth lost.

SOLUTION

From Exhibit 1, half Kelly (f = 2.71) earned 43.63% a year against 58.84%, keeping 74.2% of the
maximal growth rate; the quadratic model says 75%. In exchange it halved the volatility (52.3%
against 104.7%), halved the worst day (-27.1% against -54.2%) and cut the maximum drawdown
from -93.3% to —70.1%. Terminal wealth was 183 against 1,122: a smaller multiple from a far more
survivable path.

For (4.14), g"(f*) = —1.804 x 10~* a day, or -0.0439 a year. The predicted loss at f*/2is 5 x

0.0439 x 2.7112 = 16.1% a year, against an actual loss of 58.84% — 43.63% = 15.2%. The quadratic
term gets the size of the loss right to within one percentage point, 2.7 units of leverage away from
the top.
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The envelope theorem

THEOREM Envelope theorem (one variable)

Let F(z,0) be differentiable, and for each 6 let z*(#) be an interior maximizer of F(-,0) that
depends differentiably on 6. Then the value function V(6) := F(z*(), 0) satisfies

V'(0) = 2—1; (z*(0),6). (4.16)

Proof. By the chain rule, V'(0) = F, (z*(6),0) =¥ () + Fy(z*(6), ). The first-order condition sets F,, = 0
at the maximizer, which leaves Fy. Rl

The theorem is the flat top seen from the side. When a parameter moves the optimizer moves too, but to
first order this does not change the value. To price a parameter change, differentiate the objective with
respect to the parameter at the old optimum; no re-optimization is needed. Simon and Blume (1994,
chapter 19) give the multivariable version; two applications follow.

o The value of edge. In the quadratic model without the x2 term, g(f) = fu — 3 f20c?and V(u) =
u?/(206%),s0 V'() = p/o* = f*. The envelope theorem gets there in one line: dg/0u = f, evaluated
at f*. The marginal value of edge is the position you hold.

e The cost of financing, worked out in Example 7.

EXAMPLE 7
What a higher financing rate costs a levered 0050 position

Suppose the investor borrows (and lends idle cash) at a simple rate r; per trading day, so that one
day multiplies wealth by 1 + 7 + f(R; — rf). Use the envelope theorem to find how maximal in-
sample growth responds to r; near zero. Check the answer for an illustrative financing rate of 2%
a year, charged as 2%/ A per trading day.
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SOLUTION

With F(f,rs) = 7>, In (1 + 77 + f(R: — ry)), the partial derivative is 8F /dr; = (1 —
f) %Zt 1/(1 + 7+ f(R — rf)). Atry = 0and f = f* the first-order condition does the work:

(1+f*R)— fR, e
TZI—|-th TZ 1+ /*R, =1-fg(f)=1

So V'(0) =1 — f* exactly, that is —4.42: each unit of financing rate costs 4.42 units of maximal
growth. In annual terms, a rate one percentage point higher costs about 4.42 percentage points a
year of growth. The investor is short the financing rate on the f* — 1 = 4.42 borrowed units.

At 2% a year the first-order estimate is —4.42 x 2% = —8.84%. Re-optimizing exactly gives f* =
4.96 and growth of 50.46% a year, a fall of 8.38%. Keeping the old leverage of 5.42 still earns
49.99%: re-optimizing is worth only 0.47% a year, which is precisely the envelope theorem's point.

How well the data locate the optimum

The flat top has a second face. If a wide range of leverages earns nearly the same growth, the data can
barely tell those leverages apart. The value of the optimum is robust; its location is fragile.

For independent returns, the standard error of a sample mean is s/v/T (stated without proof; LM20

derives it and develops confidence intervals). A 95% confidence interval for the true mean is 4 + 1.96
standard errors, where 1.96 is the value a standard normal variable exceeds with probability 2.5%.

EXAMPLE 8
How precisely the sample locates 0050's Kelly leverage

Turn the sampling error of i into a 95% band for 0050's Kelly leverage. Shift all daily returns
equally, putting the sample mean at each end of the 95% interval, and re-solve the exact Kelly
condition. What would holding 5.42 achieve at either end of the band?

SOLUTION

The standard error is 1.2385%/4/2,902 = 0.0230% a day against s = 0.0871%, a relative error of
26%. The 95% interval for the mean runs from 0.042% to 0.132% a day. On the shifted samples the
exact Kelly leverage runs from 2.7 to 7.6. The quadratic rule /i/s* would give 2.7 to 8.6, missing the
fat tails at the high end.

The cost of the error is asymmetric. If the true Kelly leverage were 2.7, holding 5.42 would be ¢ ~
2.0, where (4.15) leaves almost nothing. On the shifted sample's exact curve, 5.42 even loses 0.63%
a year. If the true value were 7.6, holding 5.42 would be ¢ = 0.71, which keeps 92% by (4.15) and
90% on the shifted sample.
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The data's own history agrees. Over trailing three-year windows (Exhibit 8) the in-sample optimum
wandered from 0.94 to 8.87, a range of more than nine to one. The low came in the window ending 17
January 2024, the high in the window ending 13 August 2018. The latest window says 6.63.

Exhibit 8: Empirical Kelly leverage of 0050 over trailing three-year windows

— Exact empirical Kelly  --- Quadratic rule: sample mean + s? (same window)

Empirical Kelly leverage f* (x equity), trailing 729 trading days

10

0
2018 2019 2020 2021 2022 2023 2024 2025 2026

Note: each point maximizes the mean of In(1 + fR;) over the preceding 729 trading days (about three years); the first
window ends on 23 October 2017. Every fifth window is plotted, plus the latest and the two extremes. The dashed line
is the quadratic rule ,&/s2 on the same window, and the horizontal line marks the full-sample optimum, 5.42. Source: as

Exhibit 1.

Under-betting costs a little; over-betting can cost everything. That asymmetry, not timidity, is the case
for fractional Kelly, a quarter to a half of f*. LM24 and LM44 formalize it, and LM45 adds parameter
uncertainty. MacLean, Thorp and Ziemba (2010) summarize the trade-off: maximal long-run growth,
but large positions and a real chance of losing most of the wealth.

PITFALL "The backtest Sharpe ratio is 3, so use full Kelly"

In the quadratic model f* ~ u/o* = SR/o and g* ~ SR? /2, with SR and o annualized (LM42). A
backtest Sharpe ratio of 3 at 15% volatility suggests f = 3/0.15 = 20 and log growth of 4.5 a year.
That is a 90-fold gain every year, which should itself raise suspicion.

If the true Sharpe ratio is half the backtest's, 20x is twice Kelly and growth is zero. If it is 1, 20x is
three times Kelly, and by (4.15) growth is (2 x 3 — 3%) x 12/2 = —1.5 a year. Wealth then falls 78%
a year despite a genuine edge. Backtests overstate Sharpe ratios (LM38, LM39): size from a haircut
estimate, then take a fraction of Kelly.

Resolving the case

e 5.42is the unique global maximizer of in-sample growth, because g is strictly concave (Section 3);
Newton's method finds it in four steps from zero (Section 6).
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* 5.68 is the quadratic rule fi/s?, and 5.65, one Newton step from zero, its version with % kept. Both

overshoot because 0050's daily returns are fat-tailed (Section 2).

o 74.2% is the flat top: half Kelly kept almost three-quarters of the growth rate at half the volatility.

e 9.74, the zero-growth leverage, is 1.80 times f* rather than 2, pulled in by the largest losses (Section

3).

e 2.7t0 7.6 is the range of Kelly leverages consistent with the sampling error in i; the rolling windows

wandered from 0.94 to 8.87.

The in-sample 5.42x therefore describes 2014-2026; it is not a recommendation. It treats the sample

mean as truth, assumes free daily rebalancing and ignores financing, which costs 8.38% a year of

growth at 2%. Even with perfect hindsight, it came with a 93.3% drawdown. LM20 and LM45 supply the

statistics that must come before any leverage decision.
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KNOWLEDGE CHECK 6

In the quadratic model, what share of maximal growth does 1.5 times Kelly keep, and how does
its volatility compare with half Kelly's? What does 0050's exact in-sample curve say?

ANSWER

1— (1 — 1.5)* = 75%, the same as half Kelly, at three times half Kelly's volatility: identical
growth for triple the risk. On 0050's exact curve 1.5 times Kelly keeps only 69.1%, because fat
tails punish over-betting more than the parabola does.

n OPTIMIZATION IN PYTHON

[ ] estimate the in-sample growth-optimal leverage of a return series in Python,
and explain why it is not a recommendation
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SciPy's optimize module contains every method of this module. Three habits keep results honest: pass
the domain explicitly, give a bracket whenever one is known, and compare at least two methods.

PYTHON

import numpy as np
import polars as pl
from scipy.optimize import brentq, minimize_scalar, newton

# 0050 total returns on days common with 00631L, from the lab's data/ folder
common = pl.read_csv("data/00631L_daily_raw.csv").select("date")
div = pl.read_csv("data/0050_dividends.csv")
px = (pl.read_csv("data/0050_daily_raw.csv").join(common, on="date")
.join(div, on="date", how="left").sort("date"))
split = pl.when(pl.col("date") == pl.1lit("2025-06-18")).then(4.0).otherwise(1.0)
P, D = pl.col("close"), pl.col("cash_dividend").fill_null(0.0)
R = (px.select((P + D) * split / P.shift(1) - 1)
.to_series() .drop_nulls().to_numpy())

def gbar(f): # mean log growth, eq. (4.4)
return np.loglp(f * R).mean()

def dg(f): # Kelly condition, eqg. (4.5)
return (R / (1 + £ * R)).mean()

def d2g(f): # curvature, eq. (4.6)
return -((R / (1 + £ * R)) *x 2).mean()

lo, hi = -1 / R.max(), 1 / -R.min() # domain: 1 + £ Rt > 0 for all t
f_brent = brentq(dg, 0.0, 0.999 x hi, xtol=le-14) # bracketed root
f_newton = newton(dg, x0=0.0, fprime=d2g, tol=1e-14) # Newton from f = 0
f_bound = minimize_scalar(lambda f: -gbar(f), bounds=(0.0, 0.999 % hi),
method="bounded") . x

print(f"domain (§lo:.2f%, {thi:.2f%) brentq {f_brent:.6f} "

f"newton {f_newton:.6f% bounded {f_bound:.4f%t")
# domain (-10.00, 10.00) brentqg 5.421488 newton 5.421488 bounded 5.4215

minimize_scalar with method="bounded" maximizes g directly by Brent's derivative-free search. It
stops at its default tolerance of about 10~°, which is why it is printed with fewer digits. The lab applies
gbar to the fractional-Kelly curves of Exhibit 7 and traces Newton's method and bisection for the yield
of Example 5.
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KNOWLEDGE CHECK 7

Called without bounds, minimize_scalar(lambda f: -gbhar(f)) returns nan on the 0050 data, and
SciPy reports that it found no valid bracket. Explain why, and give two fixes.

ANSWER

The unbounded Brent search expands its trial points beyond the domain (—10,10). There 1 +
fR: < 0onsome day, np.loglp returns nan or —oo, and the comparisons that drive the
search break down. Either restrict the search, minimize_scalar(..., bounds=(0.0, 0.999 =*
hi), method="bounded") , or solve the first-order condition with brentq on a bracket inside
the domain.

INPYTHON Companion lab

The Polars-first notebook LM04_lab.ipynb rebuilds every computational exhibit and example and
solves the computational practice problems.

The notebook reads FinMind files that you download once with your own token. From the
repository root, run uv run python data/fetch_finmind.py ,then uv run python
data/make_lab_data.py . FinMind's licence does not allow the book to redistribute the data. After
that, the notebook runs offline.

SUMMARY

e At an interior maximum of a differentiable function the derivative is zero (Fermat's theorem). A
negative second derivative confirms a strict local maximum; a zero second derivative decides
nothing; use the tests of Exhibit 2.

e For a differentiable concave function a zero of the derivative is a global maximum, and strict
concavity makes it unique. The empirical growth function g(f) is strictly concave, so the empirical
Kelly leverage exists and is unique whenever the sample contains gains and losses.

¢ On aclosed interval, compare critical points with endpoints. At a binding corner the derivative is
the constraint's shadow price, a marginal rate; for a concave objective the constrained optimum is
the unconstrained one clipped to the interval.

e The binary Kelly bet has the exact solution f* = p/a — ¢/b = (1/a + 1/b)(p — 7). It is a position size;
the risk size is f*a = p — g a/b. The position moves by 1/a + 1/b per unit of win probability, and
attainable growth depends only on p and the payoff ratio b/a.

e Bisection gains a binary digit per step; Newton's method squares the error near a simple root but

needs a good start. On 0050's Kelly condition, Newton's first step from zero is the quadratic rule, and
four steps reach machine precision. Bisection needs 44 steps to shrink the bracket below 10712,

e Near an optimum, growth is flat: cf* keeps 1 — (1 — ¢)? of the maximum in the quadratic model. The
envelope theorem prices parameter changes without re-optimizing: at the empirical Kelly point,
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each unit of financing rate costs f* — 1 units of growth.

e In-sample, 0050's growth-optimal leverage over 2014-2026 is 5.42, with 58.84% a year of log growth
and a 93.3% drawdown. Sampling error spans 2.7 to 7.6, and over-betting costs far more than under-
betting: the number describes the past and is not a recommendation.

PRACTICE PROBLEMS

1.  The function h(z) = ze * on z > 0 attains its maximum at:
A. =0
B. z=1/e
C. z=1

2.  Which statement about h(z) = z* at 2 = 0 is correct?

A. The second-derivative test is inconclusive, and x = 0 is a strict local minimum.
B. The second-derivative test shows a local maximum.

C. z = 0isaninflection point.

3. A strategy's annual log growth as a function of leverage is approximately g(f) = 0.12f — 0.08f2.
Find the Kelly leverage, the maximal growth, the growth at half Kelly and the leverage at which
growth returns to zero.

4.  Atrade gains 5% with probability 0.55 and otherwise loses 5%. The Kelly position is closest to:
A. 0.10 times equity

B. 2times equity
C. 11times equity

5. Show that the Kelly position of a binary bet is positive if and only if the expected return per unit
of position, pb — qa, is positive. Show also that the maximal growth g* is then positive.

6. A trading rule wins +8% with probability 0.30 and stops out at —2%. (a) Find the Kelly position, the
risk per trade and the maximal growth per trade. (b) If the true win rate is 0.25, by what factor is
the position from (a) too large, and what growth per trade does it earn?

7. The number of bisection steps needed to shrink a bracket [0, 1] around a root to a width of 10~% is
closest to:

A. 8
B. 19
C. 27
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8. An investor's annual growth is approximately g(f) = 0.10f — 0.05f2, but the account limits
leverage to 0 < f < 0.8. Find the optimal leverage, the growth it delivers and the shadow price of
the limit. What would raising the limit to 0.9 add?

9. Inthe quadratic model g(f) = fu — %fzo—?, use the envelope theorem to find dg* /do, and verify
the result by differentiating g* = p?/(20?) directly.

10. Inthe quadratic model, half Kelly keeps:

A. 75% of the maximal growth rate at 50% of the full-Kelly volatility
B. 50% of the maximal growth rate at 50% of the full-Kelly volatility
C. 75% of the maximal growth rate at 25% of the full-Kelly volatility

11. A backtest reports an annualized Sharpe ratio of 2.4 at 12% annualized volatility. (a) What leverage
does full Kelly suggest in the quadratic model? (b) For which true Sharpe ratio does that leverage
produce zero long-run growth? (c) What are the annual log growth and the annual wealth factor if
the true Sharpe ratio is 0.8?

12. (Python) Using the lab data, compute the empirical Kelly leverage of 0050 from the returns of 2
January 2020 to 8 October 2026. Compare it with fi/s? for the same window.

13. Expand the binary growth function (4.7) to second order around f = 0, and show that the resulting
approximate Kelly position is (pb — ga)/(pb? + ga?). Evaluate it for the +2%/-1% bet at p = 0.5 and
explain why it falls short of the exact 25.

SOLUTIONS

1. Ciscorrect. M'(z) = (1 —z)e ®* =0atz = 1,and h"(z) = (z — 2)e ? gives h"(1) = —e~! < 0. The
maximum value is e ! = 0.3679, which B mistakes for the maximizer. The endpoint z = 0, where
R'(0) =1 > 0, is the minimum on z > 0.

2. A is correct. A'(0) = h"(0) = h""(0) = 0 and ¥ (0) = 24 > 0: the first non-zero derivative has even
order and is positive, so x = 0 is a strict local (indeed global) minimum (Exhibit 2). C would require
the first non-zero derivative to have odd order, as for z>.

3.9'(f) =0.12 - 0.16f = 0 gives f* = 0.75, and g” = —0.16 < 0 confirms the maximum. Maximal
growth is ¢* = 0.12 x 0.75 — 0.08 x 0.5625 = 0.045, or 4.5% a year. Half Kelly gives ¢(0.375) =
0.045 — 0.01125 = 0.03375, which is 75% of g*, as (4.15) predicts. Growth returns to zero at f =
0.12/0.08 = 1.5 = 2f*.

4. Bis correct. f* = 0.55/0.05 — 0.45/0.05 = 11 — 9 = 2. The risk per trade is 2 x 5% = 10%, which is
also p — ga/bwith a = b; A mistakes that risk fraction for the position. C keeps only the first term,
p/a, and ignores the losses.

5.By (4.10), f* = (1/a+ 1/b)(p — ) with 1/a + 1/b > 0, so f* > Oif and only if p > m = a/(a + b), that
is, p(a + b) > a, thatis, pb — ga > 0. In that case f* is the unique maximizer of the strictly concave g,
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and ¢g(0) = 0, so g* = g(f*) > g(0) = 0. (Alternatively, the Deep Dive shows g* = Dy (p||7) > 0 for
pFm)

6. (a) f* =0.30/0.02 — 0.70/0.08 = 15 — 8.75 = 6.25 times equity, risking 6.25 x 2% = 12.5% per trade;
check: (4.11) gives 0.30 — 0.70 x 0.02/0.08 = 0.125. With 1 + f*b = 1.5and 1 — f*a = 0.875, g* =
0.30In1.5 4+ 0.701n 0.875 = 2.817% per trade.

(b) Atp = 0.25, f* = 12.5 — 9.375 = 3.125, so 6.25x is exactly twice Kelly: by (4.10), f* halves with the
edge over break-even (7 = 0.20), from 0.10 to 0.05. Growth at 6.25xis 0.25In 1.5 4+ 0.751n 0.875 =
0.122% per trade, 16.5% of the attainable 0.738%. Equation (4.15) predicts zero, but the exact zero is
at 6.56x%, 2.10 times Kelly. A rare large gain (p < 0.5) makes growth fall more slowly beyond f* than it
rises below it; at p = 0.5 the curve is symmetric.

7. Cis correct. n > log,(1/1078) = 26.6, so 27 steps. A counts decimal digits instead of binary ones; B
uses the natural logarithm, In 108 = 18.4, instead of log,.

8. The unconstrained optimum is f* = 0.10/0.10 = 1.0 > 0.8, so by clipping the optimum is the corner
f = 0.8, with g(0.8) = 0.08 — 0.032 = 0.048 against an unconstrained 0.050. The shadow price is
9'(0.8) = 0.10 — 0.10 x 0.8 = 0.02 a year per unit of leverage: a marginal rate, not a total. Raising the
limit to 0.9 adds about 0.02 x 0.1 = 0.2 percentage points to first order and exactly g(0.9) — g(0.8) =
0.15 points, because ¢ falls as f rises. A limit above 1 adds nothing more: the whole gain on offer is
0.2 points.

9.9(fu— 3f°0%) /00 = —f*o; at f* = p/o” thisis —p® /o°. Directly, d(u*/(20%)) /do = —p* /o°. The two
agree, as (4.16) requires; the change in f* never enters.

10. A is correct. By (4.15) with ¢ = %, the growth keptis 1 — (1/2)? = 75%, and volatility scales with c. B
scales growth with the position, as if growth were linear in f; C confuses volatility with variance,
which falls to 25%.

11. (a) f ~ SR/o = 2.4/0.12 = 20. (b) Growth is zero at ¢ = 2, so when the true Kelly leverage is 10,
which means a true Sharpe ratio of 10 x 0.12 = 1.2: half the backtest's. (c) A true Sharpe ratio of 0.8
gives f* = 6.67 and ¢ = 3, so growth is (2 x 3 — 3?) x 0.8%2/2 = —0.96 a year, a wealth factor of
e 09 —= (.383 a year.

12. Over the 1,635 returns from 2 January 2020 to 8 October 2026, the empirical Kelly leverage is 5.38
and /i/s?> = 5.66. As over the full sample (5.68 against 5.42), i/s? is about 5% too high. The window's
optimum differs from the full-sample 5.42 by far less than the sampling error of Section 7.

13. UsingIn(1 + z) ~ z — 2*/2 withz = fband z = —fa: g(f) ~ f(pb — qa) — § f*(pb® + qa®), a parabola
with its maximum at (pb — qa)/(pb* + ga?). This is the quadratic rule (4.3) with u = pb — ga and
E[R?] = pb® + qa®. For +2%/-1% at p = 0.5 it gives 0.005/0.00025 = 20, against the exact 25.

The neglected third-order term, f3(pb® — qa®)/3, is positive here, so it raises growth at high leverage
and pushes the true optimum up. The bet is symmetric about its mean y = 0.5% (x1.5%), so pb® —
qa® = p® + 3uo? = 3.5 x 1078 with o = 1.5%: positive because p > 0. A positive mean alone does not
settle the sign. For +1% with probability 0.9 against 5%, pb — qa = 40.4% but pb> — ga® < 0, and the
quadratic rule overshoots: 11.8 against an exact 8.
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GLOSSARY

Term =54 Meaning

Critical point ERSREL Interior point where ' = 0 or h’ does not exist.

First-order condition — PR k' (z*) = 0 at an interior extremum (Fermat's
theorem).

Second-order condition 7 (g = Sign of A" at a critical point: negative for a strict

local maximum.

Local / global maximum BER/ &I AK{E Best value in a neighbourhood / on the whole

domain.

Inflection point [ BhEh Point where curvature changes sign; not an
extremum.

Concave function 1] BRI 24 Chords lie on or below the graph (k" < 0); if h is
differentiable, a point with A’ = 0 is a global
maximum.

Convex function ™ R BX Chords lie on or above the graph (h” > 0).

Intermediate value theorem HIE{ETEIE A continuous function that changes sign on an

interval is zero somewhere in it.

Extreme value theorem R EIE A continuous function on |«, 5] attains its
maximum and minimum.

Corner solution hzz)i Optimum at a boundary of the feasible interval.
Shadow price BB Rate at which relaxing a binding constraint

raises the objective.

KKT conditions KKT &4 First-order conditions with inequality
constraints; at a corner, a sign condition on A'.

Kelly criterion g7 2R Choose the position that maximizes expected log
growth.

Kelly position SLFER{L Growth-optimal position f*, as a multiple of
equity.

Risk fraction &Pz EE 151 Fraction of equity lost if a trade fails, fa.

Break-even probability B EEEE m = a/(a + b): the win probability with zero

expected return.

Fractional Kelly SEENF A position c¢f* with ¢ < 1, such as half or quarter
Kelly.

Bisection method —_nE Halve a sign-change bracket at each step; linear
convergence.
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Term Rz Meaning

Newton's method b i 12 Tni1 = T — u(xy,)/u/'(z,); quadratic convergence
near a simple root.

Quadratic convergence —RUEL ens1 ~ Cel: correct digits roughly double per
step.

Envelope theorem BARTEIR V'(0) = OF /00 evaluated at the optimum.

Yield to maturity ZIHBFEF =R Discount rate that equates a bond's present value

to its price.
Internal rate of return A ZREREN =R Discount rate at which net present value is zero.

Relative entropy ViZE Ry G Dxu(p||w) = pIn(p/7) + qIn (g¢/(1 — 7)); equals
the binary bet's g*.
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