LEARNING MODULE
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Multivariable Calculus and Lagrange Multipliers

Gradients, Hessians and multipliers: how calculus finds the best mix of two assets, and what

that answer is worth out of sample.

VOLUME | - Calculus for Finance BUILDS ON LM2 - LM3 - LM4

LEADS TO LM10 - LM32 - LM33 - LM34 - LM43 TIME = 3h+lab

LEARNING OUTCOMES

Mastery

After this module you should be able to:

U

o o o o o o o

1 compute partial derivatives and total differentials of functions of two or three
variables, and interpret them as sensitivities with the other inputs held fixed

2 construct the gradient and Hessian of a function of several variables, and
approximate the function with its second-order multivariate Taylor expansion

3 locate and classify the critical points of a function of two variables with the
first-order conditions and the 2x2 definiteness test

4 solve equality-constrained problems with Lagrange multipliers, and interpret
the multiplier as a shadow price

5 derive the two-asset minimum-variance weight and explain how correlation
determines the diversification benefit

6 derive the two-asset tangency weights and Kelly fractions, and relate them to
S - rs1)

7 apply the Karush-Kuhn-Tucker conditions to long-only, policy and leverage
constraints, and identify which constraints bind

8 implement numerical gradients, Newton's method and constrained
optimization in Python, and distinguish in-sample optimal weights from out-of-
sample results
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LEARNING MODULE OVERVIEW

e A partial derivative is a sensitivity with every other input frozen. A TWD investor's return on a
US-dollar bond is (1 4+ z)(1 + y) — 1; in 2022 the cross term zy alone cost 00679B holders 3.2
percentage points.

e The gradient points uphill and the Hessian measures curvature. The second-order expansion
h(a+ A) ~ h(a) + Vh- A + $ AT HA reproduces the rise in a fixed 0050/00679B mix's
variance from 2017-2021 to 2022-2026 almost exactly; the first-order terms explain only 74%
of it.

e A critical point of h(z,y) is a local minimum when h,, > 0 and det H = hy h,, — hf:y >0,a
local maximum when h;, < 0 and det H > 0, and a saddle when det H < 0.

e Ata constrained optimum the gradients of objective and constraint are parallel, Vh = AV.
The multiplier A is a shadow price: the rate at which the optimal value improves as the
constraint is relaxed.

e The two-asset minimum-variance weight is w* = (63 — 012)/(0? + 02 — 2013). Estimated on

2017-2021 it put 42.3% in 0050 and 57.7% in 00679B, with a predicted volatility of 9.22%; in
2022-2026 the same mix realized 12.44%.

¢ Most of the miss came from changed inputs, not from the weight: 0050's volatility rose from
16.4% to 23.4% and the correlation from —0.22 to —0.02. Because variance is flat at its
minimum, a 17-point weight error cost only 0.9 points of volatility.

e The two-asset Kelly fractions f* = £7!(u — rf1) are the tangency portfolio, levered. In-sample
estimates of the 00679B fraction swing from +3.14 to —4.06 between windows: optimal weights
fitted to the past are not recommendations.

¢ Inequality constraints add the KKT conditions: a binding constraint carries a non-negative
multiplier and a slack one a zero multiplier. Newton's method finds the sample's growth-
optimal mix in three iterations; fixed-step gradient ascent needs thirty.

n INTRODUCTION

Every portfolio decision turns more than one dial: how much 0050, how much bond, how much
leverage. Single-variable calculus (LM2, LM4) turns one dial at a time; this module turns them together,
adds constraints and prices the constraints themselves. Applied to two assets, it yields the minimum-
variance portfolio, the tangency portfolio and the Kelly fractions, and it shows why an answer fitted to
the past is not the answer you will get.
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MOTIVATING cASE How much bond minimizes risk?

A TWD investor holds Yuanta Taiwan 50 (0050) and considers adding Yuanta U.S. Treasury 20+ Year
Bond ETF (00679B). The fund tracks the ICE US Treasury 20+ Year Bond Index and is quoted in New
Taiwan dollars. Its holdings report lists US Treasuries and US-dollar cash but no currency
forwards, so its returns combine US long-bond returns with USD/TWD moves.

From the close of 17 January 2017, 00679B's first trading day, to 8 October 2026, 0050 returned
+767.3% with dividends reinvested, at 20.1% annualized volatility. 00679B returned -17.3% at
13.5%. Their daily returns were mildly negatively correlated, —0.11 (Exhibit 1).

Suppose the investor had sized the mix at the end of 2021 with the five years then available. Over
2017-2021 the correlation was —-0.22, and the calculus of Section 6 says that 42.3% in 0050 and
57.7% in 00679B minimized volatility, at a predicted 9.22% a year.

Then came 2022: 0050 lost 21.3% and 00679B lost 22.1%. Over 2022-2026 the correlation drifted to
-0.02, and the same mix realized 12.44%. Was the calculus wrong, was the weight wrong, or did
the inputs change? By the end of Section 6 you will split the 3.2-point miss into its parts.

Exhibit 1: 0050 and 00679B: estimation window, test window and full sample

Full sample 2017-01 Estimation window Test window 2022-

—2026-10 2017-2021 01— 2026-10
Trading days (daily returns) 2,363 1,213 1,150
0050 total return +767.3% +138.0% +264.4%
006798 total return -17.3% +15.6% -28.5%
0050 annualized volatility 20.1% 16.4% 23.4%
00679B annualized volatility 13.5% 13.5% 13.4%
Correlation of daily returns -0.11 -0.22 -0.02
Minimum-variance weight in 0050, 32.7% 42.3% 25.3%
estimated in the window
Lowest attainable volatility in the 10.64% 9.22% 11.54%
window
Volatility of the 42.3% / 57.7% mix 10.91% 9.22% 12.44%

Source: FinMind TaiwanStockPrice and TaiwanStockDividendResult , retrieved 10 October 2026. Daily total
returns between consecutive common trading dates from the base date 17 January 2017. Cash dividends are
reinvested on every ex-date in the window (20 for 0050, 37 for 00679B), and 0050 is adjusted for its 4-for-1 split of 18
June 2025. Volatilities (divisor T') are annualized with A = 243.0543 trading sessions a year: the sample's 2,363
returns over 3,5651/365.25 calendar years. Minimum-variance weights and volatilities use unrounded moments. Mixes
are rebalanced daily. Computations: data/1m@7_stats.py and companion notebook LMO7_lab.ipynb .
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Sections 2-5 extend derivatives, Taylor expansions and optimization to several variables and add
equality constraints. Section 6 applies them to two assets and resolves the case, Section 7 adds
inequality constraints and Section 8 solves everything in Python. Matrix notation for NV assets waits for
LM10 and LM32.

NoTE Notation for this module

A generic function h of generic coordinates x, y, instantiated per example, has partial derivatives
hy = 8h/dz and h,y, = 8%h/dy Oz, gradient Vh and Hessian H. Constraints read ¢(x) = b or

¥i(x) < b;, with multipliers A (equality) and v (inequality) and optimal value J(b). Bold letters are
vectors: weights w, exposures per unit of capital f (Kelly fractions), expected returns u, excess
returnse (e; = p; —r¢), 1 = (1,1), a point a, a direction u, a step A. For two assets, 0,0, are
annualized volatilities, o1, the covariance, p the correlation, o2 the variance of Ry — Rp; Visa
portfolio variance, o, a volatility budget, g a log growth rate, m, M the smallest and largest
curvatures of Y. Counts: T returns, N assets, iteration k; ¢, j index assets or constraints. Moments
use divisor 7', as in LM3; with 1,150 or more returns, 7' — 1 would change volatilities by under
0.05%.

FUNCTIONS OF SEVERAL VARIABLES
AND PARTIAL DERIVATIVES

[ ] compute partial derivatives and total differentials of functions of two or three
variables, and interpret them as sensitivities with the other inputs held fixed

A portfolio's volatility depends on two weights, two volatilities and a correlation at once, and a TWD
investor's return on a US bond depends on the bond and on the currency.

Functions, surfaces and level curves

DEFINITION Function of two variables

A function of two variables assigns to each point (z,y) of a domain D C R? one number h(z, ).
Its graph is the surface z = h(z, y). A level curve (contour) is the set of points where h takes a
fixed value b, {(z,y) : h(z,y) = b}.

Level curves are the map view of the surface. The central example is the variance of a two-asset
portfolio. With weights w;, wy and daily returns Ry, Ry, the portfolio return Ry, = w1 Ri; + w2 Ro;
deviates from its mean by w;(Ry; — R1) + w2(Ra — Rz). Squaring and averaging gives
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The middle average is the covariance of the two returns, positive when they tend to fall on the same
side of their means (LM16). Divided by the two standard deviations it gives the correlation p. It lies

between -1 and 1 by the Cauchy-Schwarz inequality | Y, z:y| < />, 27 />, y7, applied to the
deviations (stated without proof; LM8) Annualizing each average with A,

2 2 2 2
V(wi, w2) = wjoy + 2wiweois + w05, o129 = pO109.

The same expansion gives two facts used later. Averaging (Ri; — R1)(R,: — R,) instead shows that the
covariance of R; with the portfolio is wio? + w012, and weights (1, —1) give Var(R; — Ry) = 0% + 03 —
2019.

When |p| < 1, the level curves of V are ellipses centred on the all-cash point (0, 0), one for each
variance level. The budget rule w; + wy = 1is a straight line across them. Section 5 shows that the
minimume-variance portfolio sits where that line just touches an ellipse, and Exhibit 5 draws the
picture.

Partial derivatives

DEFINITION Partial derivative

The partial derivative of h with respect to z at (xg, yo) is the ordinary derivative of the one-
variable function z — h(z, yo):

oh g h(x +5, — h(x ,
ha (o, yo) = &(wo,yo) = (155% (2o yog (2o yo).

h, is defined in the same way with z held at zg.

To compute a partial derivative, treat every other variable as a constant and apply the rules of LM2. For
the portfolio variance,

o
8w1

v

Juy 2(wio12 + U)QO'%).

= 2(w10% + wao12),

The first bracket is the covariance of asset 1 with the portfolio, found above. So the marginal variance
of a position is twice its covariance with the portfolio it joins, a fact LM36 builds into risk budgeting.

Higher-order partial derivatives. Differentiating again gives h,;, hy, and the mixed partials h,y = (hs)y
and hy, = (hy).. For every function in this book the order does not matter.
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THEOREM Symmetry of mixed partial derivatives (Schwarz-Clairaut)

If h,y and hy, exist and are continuous near (zo, o), then hgy(xo, yo) = hye (0, Y0). Stated without
proof; see Stewart, Clegg and Watson (2021, §14.3).

The total differential and the linear approximation

Move both inputs at once, by Az and Ay. Going first along = and then along y, and using the one-
variable linear approximation of LM2 on each leg, gives

h(zo + Az, yo + Ay) =~ h(zo, o) + hz(x0, yo) Az + hy(x0, yo) Ay. (7.1)

When h has continuous partial derivatives, the error is small relative to the step; when its second
partial derivatives are continuous too, the error is of second order in (Az, Ay). The linear part, dh =
h, dx + hy dy, is the total differential. Dividing by a time step gives the multivariable chain rule: if z =
z(t)and y = y(t), then £h(z(t),y(t)) = ha '(t) + hy ¥ ().

EXAMPLE 1
A US bond in Taiwan dollars: 00679B in 2022

A TWD investor's return on a US-dollar asset is h(z,y) = (1 + z)(1 + y) — 1, where z is the asset's
return in USD and y the change in the USD/TWD rate. In 2022, 00679B returned —22.09% in TWD,
while USD/TWD rose from 27.690 to 30.708, +10.90%. Back out the USD return implied for the fund,
compute the partial derivatives there, and split the TWD return into bond, currency and cross
terms.

SOLUTION

The implied USD return solves 1 +z = (1 — 0.2209)/1.1090: z = —29.75%.

The partial derivatives are h, =1 +y = 1.109 and hy, = 1 4+ z = 0.7025, and h,, = hy, = 1. An extra
1% of bond return in USD adds 1.109% in TWD, because it is converted at a stronger dollar. An
extra 1% rise in the dollar adds only 0.70%, because it applies to a bond position already down
30%.

Expanding the product gives the exact splith = z + y + zy = —29.75% + 10.90% — 3.24% =
—22.09%. The linear approximation (7.1), x + y = —18.85%, overstates the return by the cross term
of 3.24 points: second order, but not small when the moves are 30% and 11%.

EXAMPLE 2
Marginal variance of a 60/40 mix

With the full-sample estimates for 0050 and 00679B, o2 = 0.040425, o2 = 0.018214 and o1y =
—0.002866 (so o1 = 20.11%, o3 = 13.50%, p = —0.106), evaluate the variance, volatility and partial
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derivatives of V at w = (0.6,0.4). Then estimate the change in volatility if (a) one percentage point
of 0050 is added and financed with cash, or (b) one point is moved from 00679B to 0050.

SOLUTION

V =0.36(0.040425) + 0.16(0.018214) + 0.48(—0.002866) = 0.016092, so o, = 12.69%. The partial
derivatives are V,,, = 2(0.6 - 0.040425 — 0.4 - 0.002866) = 0.0462 and V,,, = 2(—0.6 - 0.002866 + 0.4 -
0.018214) = 0.0111.

Because g, = v/V, the chain rule gives da,/0w; = V,,, /(20,): 0.182 for 0050 and 0.044 for 00679B.

i

(a) Aw = (0.01,0): Ao, ~ 0.182 x 0.01 = 0.18 percentage points (exact: 0.18). (b) Aw =
(0.01, -0.01): Ao, ~ (0.182 — 0.044) x 0.01 = 0.14 points (exact: 0.14). The answers differ because
the experiments differ: (a) raises total exposure, while (b) stays on the budget line w; + wy = 1.

piITFALL "Holding everything else fixed" is not always possible

In a fully invested portfolio the weights cannot move one at a time: buying 0050 means selling
something. So 9V /0w, describes a trade financed with cash or margin, case (a) above; a budget-
neutral switch needs the derivative along (1, —1), case (b), or substitution of the constraint
(Sections 5 and 6). Likewise, "d0,/9p holding volatilities fixed" ignores that in a crisis volatilities
and correlations tend to move together.

BEH R H R ABEE

REEE THMRGRE) BHSRE | RB—ES2 > HREiRE - QEREXER
HIE (1+2)1+y) — 1> EHERNRERRZ 1+ : 2022 FEFAFBEEKR=M > =B
Ft 1% > SEHRMRZ 0.70% - 2B HERBREME - 2—REaEU ; EFRAE (&
BR=RY ~ ETTH—HR) ° XA zy 7iA 3.24 EE DR > TR - TIREHEEE THRY

FIBOE o
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KNOWLEDGE CHECK 1

For h(z,y) = (1+z)(1+y) — latz = —10%, y = +5%, compute h, and h,. Use (7.1) to estimate
the change in h if y rises a further 2 percentage points, to 7%, and explain why the estimate is
exact here.

ANSWER

hy =14y =1.05and hy =1+ z = 0.90. With Az = 0 and Ay = 0.02, (7.1) gives Ah ~ 0.90 x
0.02 = 1.80 points. It is exact because h is linear in y when « is fixed: the only second-order
term, Az Ay, vanishes when Az = 0.

GRADIENT, HESSIAN AND THE
MULTIVARIATE TAYLOR EXPANSION

[ ] constructthe gradient and Hessian of a function of several variables, and
approximate the function with its second-order multivariate Taylor expansion

Directional derivatives and the gradient

Pick a direction, given by a unit vector u = (u;, uy), and walk from a along it; the height of the surface
along the walk is z(t) := h(a + tu). By the chain rule, its slope at the start, the directional derivative, is

Ouh(a) := 2'(0) = hy(a) ur + hy(a) us.

DEFINITION Gradient

The gradient of h at a is the vector of its partial derivatives, Vh(a) := (hs(a), hy(a)). Every
directional derivative is a dot product with it: 9,h = Vh - u.

Two geometric facts follow. First, by the Cauchy-Schwarz inequality Vi - u < ||Vh|| ||u|| = ||Vh], with
equality only when u points along Vh. So the gradient points in the direction of steepest ascent, and
its length is the steepest slope.

Second, if a point x(¢t) moves along a level curve, then h(x(t)) = b, and differentiating gives Vh - x'(t) =
0. So the gradient is perpendicular to the level curves.

For a step A that is not a unit vector, Vh - A is the first-order change in h; case (b) of Example 2 used
exactly this, with A = (0.01, —0.01).
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The Hessian

DEFINITION Hessian

The Hessian of h at a is the matrix of its second partial derivatives,

= (5 h )

symmetric when the Schwarz-Clairaut theorem applies.

The Hessian measures curvature in every direction at once. Differentiating z(t) = h(a + tu) twice with
the chain rule gives

2"(0) = hppt? + 2huiuy + hyui =t u' Hu,

the curvature of h along u. For the portfolio variance the Hessian is constant, H = 2 (51 (:;122 ) =23
12 02

twice the covariance matrix ¥, the object LM10 studies.

The second-order Taylor expansion

The one-variable Taylor polynomial of LM3, applied to z(¢) = h(a + tA) att = 1, gives z(1) = z(0) +
2'(0) + 32"(0). Substituting the two derivatives just computed:

h(a+ A) ~ h(a) + kA1 + hyAs + 3 (hao AT + 2hey A1 As + by A3) = h(a) + Vh- A+ 3 ATHA,
(7.2)

with all derivatives evaluated at a. If h has continuous third partial derivatives, the Lagrange remainder
of LM3 (3.5), applied to z, puts the error at 2”'(£) /6 for some £ € (0,1): third order in A. With three
variables the pattern is the same, with three first derivatives and a 3 x 3 Hessian. A polynomial of
degree two is reproduced exactly by (7.2), and one of degree three once the third-order terms are
added.

A Taylor attribution of the 42/58 mix's extra risk

Hold the weights of the case fixed at w; = 42.317% in 0050 and w, = 57.683% in 00679B. Their variance
is then a function of three inputs,

V (o1, 09,p) = wior + wios + 2wiws p 0103.
Between the estimation and test windows the inputs moved from (16.37%, 13.55%, —0.221) to
(23.40%, 13.43%, —0.022). The partial derivatives at the starting point, from the unrounded estimates,

are V, = 2w%01 + 2wiwzpoe = 0.043994, V,, = 2w§ag + 2wiwapor = 0.072465 and V, = 2w we0102 =
0.010827. Multiplying each by its input's change gives the first-order terms of Exhibit 2.
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The first-order approximation explains 51.70 of the 69.67 %? rise in variance, or 74%. The Hessian terms
supply the rest, slightly overshooting. The two largest are %ngl (A01)2 = 8.86, with V,,,, = 2w?, and the
cross term V;,, Ao1Ap = 9.28, with V,, = 2wwq02. A higher correlation hurts more when 0050 is more
volatile, and only a second-order model can see that. Because V' is a polynomial of degree three in its
inputs, the single third-order term 2w;ws Ao Aoy Ap, about -0.08, makes the expansion exact.

Exhibit 2: Taylor attribution of the variance of the 42.3% / 57.7% mix, 2017-2021 — 2022-2026

Input or term Change Partial derivative AV (%?)
o1 (0050): 16.37% — 23.40% +0.070325 0.043994 +30.94
o2 (00679B): 13.55% — 13.43% —-0.001140 0.072465 -0.83
p: —0.221 — -0.022 +0.199414 0.010827 +21.59
First-order approximation VV - A +51.70
Second-order approximation, adding LA HA +69.74
Exact change (degree-three polynomial) +69.67

Note: variance in squared percentage points (%?); it rose from 85.1 to 154.8, so volatility rose from 9.22% to 12.44%.
Changes and derivatives in decimal units. Computed by data/1m07_stats.py .

To first order, 0050's higher volatility accounts for 44% of the rise in variance and the higher correlation
for 31%. The second-order terms add 26%, half of it from the two moving together.

A two-variable Taylor model of portfolio growth

The most important use of (7.2) in this book is the growth rate of a levered portfolio. Hold a fraction f;
of capital in 0050 and f> in 00679B, and finance the rest at an illustrative risk-free rate ry = 1.5% a year,
ry/A a day. The daily returnis R, = r¢/A + f1 X1 + f2X», with excess returns X; = R; — ry/A. The
quantity a Kelly investor maximizes (Kelly 1956; LM4) is the average log growth, annualized:

T
9(f1, f2) == A- % > (L7 /A+ fiXu+ foXaor).

t=1

Differentiate under the sum: g5, = A- £ >, X;;/(1+ Ry) and ggp, = —A - £ >, Xy X /(1 + Ry)* At f =
0 these are the mean excess returns and minus the mean products, each divided by a power of 1 +
r/A.

On the data, Vg(0) = (0.2275, —0.0255), which is (e1, ez) up to the factor 1/(1 + r¢/A). The Hessian H(0)
has entries (—0.0406, 0.0029, —0.0182), against —0? = —0.0404, —012 = 0.0029 and —o% = —0.0182. The
small gap in the first entry is the squared daily mean, smaller than the variance by a factor of order
1/A. Dropping it and the factors 1 + r;/A, (7.2) becomes

9(f1, f2) = 7s + frer + foez — 3(fi0F + 2f1fa012 + f303). (7.3)
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The same model follows from expanding In(1 + R,) ~ R, — %Rf, day by day and averaging, as in LM3
(3.8). It neglects the squared daily mean, ; AR, and the terms of third and higher order in the daily
portfolio return. In matrix form (7.3) reads g ~ 7y +f ' e — %fTZJf, the starting point of LM43.

Exhibit 3: Exact sample log growth versus the quadratic model (7.3), 0050 and 00679B, 2017-

2026

Portfolio f1(0050) f>(00679B) Exactg Model (7.3) Model - exact
0050 alone 1.00 0.00 22.2200%  22.2297% +1.0 bp
00679B alone 0.00 1.00 -1.9569% -1.9573% 0.0 bp
Full-sample minimum-variance mix 0.33 0.67 6.6705% 6.6722% +0.2 bp
Twice 0050, financed at r 2.00 0.00 38.8741%  38.9168% +4.3 bp
Half Kelly 2.80 —0.26 49.5495%  49.6964% +14.7 bp
Full Kelly of the model (Section 6) 5.59 -0.52 63.7424%  65.7619% +202.0 bp

Note: annual log growth; r; = 1.5% (illustrative); daily rebalancing, no costs. "Exact" is the sample average of In(1 +
R,) times A. Growth is evaluated at unrounded exposures.

The model is excellent for unlevered mixes and degrades as leverage grows. For 0050 alone the 1.0 bp
error is the squared mean's 1.2 bp less 0.2 bp of higher-order terms. At full Kelly the model overstates
growth by 2.02 points a year: 0.35 from the dropped squared daily mean and 1.67 from the third- and
higher-order terms of In(1 + R,), which grow with the daily moves. The fourth-order term alone costs
1.87 points; the third adds back 0.49, and fifth and higher orders cost 0.29.

R © BREREE S SRS R

BE VhIERR# EARRNE R » REMEREMNKE > MEKENESHRER - BRER
H M ERRANEHEE - SEHRTERICLMIN TSE+RR X HEIZEE
B h(atA)~h(a)+Vh-A+IATHA ° iffR 42/58 4AEME RS A M EF | —EIER
FRTE T4% > N EZPEIE (LHRZ 0050 KENEAERAAE T—#E) LANRKRXIA) ¥F7E2Y)
& o A—ERMAtAEIFINRERN AL | SRS E  RIFREESE4 2 @
B8 Hep 0.35 B 2R EWISERBImMTS - HefkE =R ERIEFEIE
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KNOWLEDGE CHECK 2

At f = 0 the growth function has gradient Vg = (0.2275, —0.0255). In which unit direction does g
rise fastest, and at what rate? What is the rate of change along the budget-neutral unit direction

(1,-1)/v2

ANSWER

Steepest ascent is along Vg/||Vg| = (0.9938, —0.1114), at rate | Vg|| = +/0.22752 + 0.02552 =
0.2289. Along (1, —1)/+/2 the rate is (0.2275 + 0.0255)/v/2 = 0.1789, smaller, as Cauchy-
Schwarz requires.

n UNCONSTRAINED OPTIMIZATION IN TWO VARIABLES

[ ] locate and classify the critical points of a function of two variables with the
first-order conditions and the 2x2 definiteness test

LM4 found optima of one-variable functions with two conditions: a zero derivative and the sign of the
second derivative. Both carry over to two variables, the second with more care, because a surface can
curve up in one direction and down in another.

First-order conditions

If h is differentiable and has a local maximum or minimum at an interior point a, then every one-
variable slice through a has zero slope there. In particular h,(a) = hy(a) = 0, that is, Vh(a) = 0. Points
where the gradient vanishes are critical (or stationary) points. As in one variable, the condition is
necessary, not sufficient.

Second-order conditions: the 2x2 test

At a critical point the linear term of (7.2) vanishes, so for small steps h(a + A) — h(a) ~ %ATHA, and
the sign of this quadratic form decides the shape. If h,, # 0, completing the square gives

hey « \2 detH
ATHA = hyy (A + 7285) + =A%, det H := hyahy, — b, (7.4)

hI.’L‘ h’z:c

If det H > 0, both terms have the sign of h,,, and the form is non-zero for every A # 0. If det H < 0, the
two terms have opposite signs, and the form takes both signs. When h has continuous second partial
derivatives, the remainder of (7.2) is small next to | A||? near a and cannot overturn a definite form
(stated without proof; Stewart, Clegg and Watson 2021, §14.7). When det H = 0 the test is silent and
higher-order terms decide: 22 + y* has a minimum at the origin and z? + y° does not, with the same

Hessian there. Exhibit 4 collects the cases. In matrix language, H is positive definite exactly when
hy, > 0and det H > 0, the 2 x 2 case of a criterion LM10 extends to IV assets.
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Exhibit 4: The second-derivative test at a critical point of h(z, y)

Condition Quadratic form A" HA Shape Example in this module

det H > 0 and positive definite local minimum portfolio variance V (w1, w2)

hye >0 (bowl) with |p| < 1

det H > 0 and negative definite local maximum the growth model (7.3)

h,, <0 (dome)

det H <0 indefinite saddle point z® — 3xy + y° at the origin
(Example 3)

det H=0 semidefinite or test inconclusive V with p = +1: a valley floor

degenerate

Note: det H at the critical point; the test classifies local behaviour only.

Global optima and convexity

A local test says nothing about the rest of the surface. One condition does: if A"HA > 0for every A at
every point (the Hessian is positive semidefinite everywhere), h is convex, and any critical pointis a
global minimum (stated without proof; LM34 develops convexity). Quadratic functions have a constant

Hessian, so for them the local test is global.

Portfolio variance has H = 2% with det H = 40202(1 — p?) > 0: it is convex, and strictly convex when
|p| < 1. The growth model (7.3) has H = —¥ and is concave.

EXAMPLE 3
A saddle and alocal minimum

Find and classify the critical points of h(z,y) = 23 — 3zy + y°.

SOLUTION

h, = 3z® — 3y = 0 givesy = z?, and h, = 3y* — 3z = O gives = y*>. Hence z = 2*,soz = Qorz =
1, and the critical points are (0,0) and (1, 1). The second derivatives are h,, = 6z, hy, = 6y and
hay = —3.

At (0,0):det H=0-0—9 = —9 < 0, a saddle. Indeed h(t, —t) = 3t> > 0 while h(t,t) = 2t — 3t> < 0
for small ¢ # 0.

At (1,1): hyy = 6 > 0and det H = 36 — 9 = 27 > 0, alocal minimum with h(1,1) = —1. Itis not

global, because h(z,0) = z® — —oo as z — —oo. Without convexity, a local test cannot certify a
global optimum.
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PiITFALL Whendet H = 0: perfectly correlated assets

With |p| = 1 the variance Hessian 2¥ has det H = 0. The minimum is then a whole line of weights
(avalley floor) or a riskless long-short hedge. The growth model (7.3) is then unbounded unless
SR, = SR, (for p = +1) or SR; = —SR, (for p = —1), where SR; = ¢;/0; is asset i's annualized
Sharpe ratio. Otherwise a riskless spread with a positive excess return can be levered without
limit.

Real assets are never exactly collinear, but correlations near +1 make det H tiny. Optimizers then
return huge, unstable long-short weights; LM9 and LM11 treat this ill-conditioning.

KNOWLEDGE CHECK 3

Classify the critical point (0,0) of h(z,y) = 2* + 3zy + 2y>. Every coefficient is positive; is the
origin a minimum?

ANSWER

how =2, hyy =4, hyy = 3,s0det H =8 — 9 = —1 < 0: a saddle, not a minimum. For example
h(3t, —2t) = 9t?> — 18t? + 8t = —t? < 0 < h(t,0) = t2. Positive coefficients do not make a
quadratic form positive definite; the cross term must satisfy hiy < hyghyy,.

n EQUALITY CONSTRAINTS: LAGRANGE MULTIPLIERS

[ ] solve equality-constrained problems with Lagrange multipliers, and interpret
the multiplier as a shadow price

Most portfolio problems come with constraints: the weights must sum to one, the volatility must hit a
target, an order must be completed. When a constraint can be solved for one variable, substitution
reduces the problem to LM4. Lagrange's method works without solving the constraint, and it delivers a
bonus: the price of the constraint.

The tangency condition

Consider optimizing h(z,y) subject to ¢(x,y) = b, and walk along the constraint curve. At a constrained
optimum the slope of h along the curve must be zero, so Vh is perpendicular to the curve there. The
constraint curve is a level curve of ¥, so Vi is perpendicular to it too (Section 3). Two vectors
perpendicular to the same curve are parallel: at the optimum, the level curve of h just touches the
constraint curve. Exhibit 5 shows this for the minimum-variance portfolio.

Algebraically, suppose ¥, # 0 at the optimum. Near it the constraint defines y as a function of z (the
implicit function theorem, stated without proof), and differentiating ¢ (z, y(z)) = b gives ¢, +

Yy y' () =0, s0y = —1p,/1p,. The one-variable function F(z) = h(x,y(z)) has a critical point at the
optimum:
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Vs

— byt = 0.
Yy

F'(z) = hy + hyy'(z) = hy
Writing A := hy /1, this says h, = A, and hy, = A\, holds by definition of .

THEOREM Lagrange multiplier condition

Let h and 9 have continuous partial derivatives, and let (z*, y*) be a local maximum or minimum
of h subject to ¢¥(x,y) = b, with Vi(z*,y*) # 0. Then there is a number A* with

Vh(z*,y*) = X* Vy(z*, y*), Y(z*,y*) =b. (7.5)

Equivalently, (z*,y*, A*) is a critical point of the Lagrangian £(z,y, ) := h(z,y) — A (¢(z,y) — b).

The three conditions £, = £, = £, = 0 give candidates; whether a candidate is a maximum, a
minimum or neither needs a second-order or a global argument. A convex objective (for a minimum) or
a concave one (for a maximum) with a linear constraint makes a candidate the global answer, as in the
minimum-variance problems of Section 6; Section 7 states the general result. A curved constraint can

produce several candidates: Example 5 has two.

Exhibit 5: Level curves of portfolio variance and the budget line, 2017-2021 estimates

— op = 9.22% (touches the budget line) — op=12% — op=15% -=-- Budgetlinew;+w,=1
Weight w, in 00679B (2017-2021 estimates)

100%

50%

0% [

all cash

-50%

-100%

-100% -50% 0% 50% 100%
Weight w4 in 0050

Note: ellipses are sets of weights with equal volatility; the dashed line is the budget ¥)(w) = w; + wy = 1. The smallest
ellipse that meets the line touches it at the minimum-variance weights (42.3%, 57.7%). There VV, perpendicular to the
ellipse, is parallel to V¢ = (1,1), perpendicular to the line.
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The multiplieris a shadow price

REsULT Shadow price (envelope theorem)

Let J(b) := h(z*(b), y* (b)) be the optimal value when the constraint level is b, and suppose the
solution moves smoothly with b. Then

J'(b) = A*(b). (7.6)

Proof. By the chain rule and (7.5), J'(b) = hy "' + hy y* = A* (¢, ¥’ + 1, y*'). Differentiating the identity
Y(x*(b),y* (b)) = b shows that the bracket equals 1. H

This is the envelope theorem of LM4 (4.16) applied to the Lagrangian, whose partial derivative in b is A.
So AJ ~ \* Ab, with an error of second order in Ab. The units of A* are units of objective per unit of
constraint: NT$ per contract, return per unit of risk, variance per unit of capital.

EXAMPLE 4
Splitting a TX order between two sessions

A trader must buy @) = 100 TX contracts, z in the day session and y after hours. Model the
temporary-impact cost as C = kgz? + k,y? with illustrative coefficients k; = 2 and k,, = 5 (NT$ per
contract squared), the night book being thinner. Find the cost-minimizing split and interpret the
multiplier.

SOLUTION

L = 2z? + 5y® — A(x + y — 100). The conditions £, =4z — A =0,L, =10y — A =0and z +y = 100
give 4z = 10y = A, so x* = 71.43, y* = 28.57 and A\* = 285.7, in NT$ per contract.

The multiplier is the marginal cost of the last contract, and the optimum equalizes it across
sessions: if one session were cheaper at the margin, moving a contract there would cut the total.

Shadow price: the optimal cost is C*(Q) = ﬁf;;@? = 2Q?, so C*(100) = 14,286 (NT$) and

C*(100) = 2 - 100 = 285.7 = \*, as (7.6) requires. The 101st contract adds NT$287.1 exactly; the
difference from A* is the second-order term % ~ 1.4.

In whole contracts a 71/29 split costs NT$14,287, essentially optimal; an equal split costs
NT$17,500, 22.5% more.

EXAMPLE 5
Arisk budget across two strategies

A desk runs a TX trend strategy (expected excess return e; = 8%, volatility o; = 16%) and a
futures-spot basis strategy (e2 = 3%, o2 = 4%), with correlation p = 0.2 — illustrative figures.
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Exposures fi, f2 per unit of capital can be levered. Maximize expected excess return subject to a
volatility budget o, = 10%, and interpret the multiplier.

SOLUTION

Maximize fie; + faez subject to 1b(f) = 120'% + 2f1f2012 + f220'§ = O'g, with 013 = 0.2 x 0.16 x
0.04 = 0.00128. The Lagrangian conditions are

e1 =2X(0} f1 4 o12f2), ez = 2\ (0121 + 03 f2).

This is a 2 x 2 linear system in (f1, f2); eliminating one unknown (Cramer's rule, LM9) gives fi «
a%el — o12eg and fo a%ez — o12€e1, a ratio of 1 to 7.43. The constraint is an ellipse, so scaling to 10%
volatility gives two candidates, +-(0.274, 2.038), with A = +£4.15. The minus sign is the minimum,
an excess return of —8.31%. The maximum is f = (0.274, 2.038), with A > 0: the low-volatility
basis trade is levered about two times. Posed as 9 (f) < o2, the problem rules out the second
candidate by the sign condition of Section 7.

The expected excess return is 8.31%, against 5.0% for the trend strategy alone at 10% volatility
and 7.5% for the basis strategy alone. It equals o3, - SR*, where SR* = 0.831 is the best attainable
Sharpe ratio, derived in Section 6.

The multiplier on the variance budget is \* = SR"/(20}) = 4.15. By (7.6), the optimal excess return
E* rises by 4.15 per unit of variance budget. In volatility units dE* /do, = SR”, so raising the
budget from 10% to 11% adds 0.83 percentage points. The shadow price of risk is the best
attainable Sharpe ratio.

HIMRBAE R : PRAIZROR F(BAE

ERBUF A TRIBE - RERH—EEERRRBNSSEEARGHRE B ZEE > KW
BHBETIT I VA= AVy - FEANRREBHEET R > ER TRFER | HERHKRE

i > ERBERKINE ) > RERMREH  HFEHFE > A\ BERE—OSIEINERMA - B
B ERERNANERS - TRIIE—OBIEENRERMEDE - ARTREHNFE > LUK
HESHFRBEMBAEZEINRSEEIEE - FEIFEH > LHENEN > BEREREERE

A=
=F °
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KNOWLEDGE CHECK 4

In Example 4, night-session liquidity improves to k, = 3 (NT$ per contract squared). Find the new
split and multiplier, and the approximate cost of a 101st contract.

ANSWER

Now 4z = 6y = A with z 4+ y = 100: z* = 60, y* = 40 and \* = 240, in NT$ per contract. The
101st contract costs about NT$240 (exactly £(1012 — 100%) = 241.2, since C*(Q) = £@Q?).

n TWO-ASSET PORTFOLIOS BY CALCULUS

[ ] derive the two-asset minimum-variance weight and explain how correlation
determines the diversification benefit

[ ] derive the two-asset tangency weights and Kelly fractions, and relate them to
S —re1)

This section applies Sections 2-5 to two assets, in the tradition of Markowitz (1952) and of Merton's
(1972) closed forms: the minimum-variance weight, in and out of sample, then the tangency portfolio
and the Kelly fractions.

Minimum variance, by substitution and by Lagrange

Substitution. With w in asset 1 and 1 — w in asset 2, the variance is a one-variable function,
V(w) = w?o? + (1 — w)?02 + 2w(l — w)oys.
Its derivative is V/(w) = 2wo? — 2(1 — w)o? + 2(1 — 2w)o1y. Setting it to zero:

2_
W= ot T (7.7)

2 2 :
o] + 05 — 2012

The second derivative is V" (w) = 203, where 02 := 07 + 03 — 2015 = Var(R; — R») (Section 2). It is

positive unless the two returns differ by a constant, so w* is the global minimum. Substituting w* back:

2 2 2 2 2 2
— 1—
Toin = V (w*) = A 2 21z 201022( o) . (7.8)
op oi + 05 — 2poi102

Because V is a quadratic in w with second derivative 202, it can be written exactly around its minimum:
_ 2 2 *\2
V(w) = 0% + 07 (w — ") (7.9)

Lagrange. Minimize V (w1, wy) subject to wy + wy = 1. With £ =V — A(w; + w2 — 1), the conditions are
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2(’(1]10'% + ’l.U20'12) = )\, 2(11]10'12 + ’LUQO'S) = )\

Subtracting gives wy (03 — 012) = w2(03 — 012), which with wy + we = 1is (7.7) again. The two conditions
say more: at the minimum, each asset has the same covariance with the portfolio.

Multiply the first condition by w;, the second by ws and add: 2V = A(w; + w2) = A, s0 X" = 202. . That
2

min’

is the shadow price (7.6) of the budget: investing b units in the same proportions gives variance b’*c

2
min*

whose derivative atb = 1 is 20

Correlation and diversification

Formula (7.8) shows how correlation sets the benefit of diversification.

e p=+1.Then o2;, = 0 only through a short position: w* = —ay /(o1 — 02) when o1 > o3. Long-only,
volatility is linear in w, and there is no diversification.

e p=0.Thenw* = 0}/(c? + o3): each asset is weighted by its inverse variance.

e p=—1.Then w* = g3/(01 + 02) and omin = 0: a perfect hedge without shorting.

The minimum-variance portfolio shorts the riskier asset when the numerator of (7.7) turns negative,
a% < 012, thatis, when p > 03 /07 (asset 1 being the riskier one). For 0050 and 00679B the ratio is
13.50/20.11 = 0.67, far above any correlation in the sample, so the minimum is interior.

The envelope theorem of LM4 (4.16) prices a change in p without differentiating (7.8): because
V'(w*) =0, do?, /dp = OV /0p = 2wjw}oi0; at w*. With the 2017-2021 estimates this is 0.0108, so a

min
correlation 0.1 higher raises 2. by 0.00108 (exact to that precision) and oy, from 9.22% to 9.79%.

min
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Two-asset explorer: weight, correlation and the minimum-variance point

INTERACTIVE

— op(w)atp=-022 ---p=+1 ---p=0 -=-p=-1

20%

15%

10%

5%

0% -
-25% 0% 25% 50% 75% 100% 125%

Weight win asset 1 (rest in asset 2)

Inputs o, -0, - p opatw=60% Weighted average of o
16.4% - 13.5% - -0.22 10.11% 15.24%
Minimum-variance w* Minimum op Multiplier A = 26’min
42.3% 9.22% 0.0170

Long-only optimum
interior, slack

The portfolio holds win asset 1 and 1 — w in asset 2, rebalanced to these weights. Coloured curve: op(w) at the

chosen p; dashed curves: the same two assets at p = +1, 0 and —1. The shaded band is the long-only region 0 <
w < 1; when the minimum lies outside it, the long-only optimum is the nearest corner (Section 7).

Back to the case: in sample and out of sample

EXAMPLE 6
The minimum-variance mix estimated at the end of 2021

Over 2017-2021 the annualized estimates are o = 0.026800 (0050), o2 = 0.018353 (00679B) and
o12 = —0.004908, so o1 = 16.37%, 05 = 13.55% and p = —0.221. Compute w*, oy, and A\*.
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SOLUTION

The numerator of (7.7) is 63 — 012 = 0.023261 and the denominator o2 = 0.054969, so w* = 42.3% in
0050 and 57.7% in 00679B.

From (7.8), 02;, = (0.026800 x 0.018353 — 0.004908%)/0.054969 = 0.008510, SO Omin = 9.22%, and
A =202, =0.0170.

The in-sample calculation is correct: the 42/58 mix's realized volatility over 2017-2021 is exactly
9.22%, because the sample variance of a fixed mix is V' at the sample moments (Section 2).

The calculation was right; the inputs changed, as Exhibit 6 shows year by year. In 2022 both funds fell
by about 21-22% while their daily correlation was —-0.06: a correlation near zero does not prevent a joint
loss in a year when both assets drift down.

From 2023 the trailing one-year correlation moved between —0.29 (April 2025) and +0.25 (December
2023) (Exhibit 7). At lower frequencies the correlation turned positive: between the two windows it rose
from —0.29 to +0.21 for monthly returns and from -0.15 to +0.09 for weekly ones.

Exhibit 6: 0050 and 00679B by calendar year

0050 00679B 0050 00679B Minimum-variance
Year Days return return volatility volatility Correlation weightin 0050
2017 (from 235 +17.3% -0.2% 9.3% 8.4% -0.04 45.2%
17 Jan)
2018 247 -5.0% +0.7% 16.3% 9.0% -0.39 30.0%
2019 242  +33.5% +13.7% 12.2% 12.2% -0.43 50.1%
2020 245  +31.1% +8.1% 22.8% 21.3% -0.17 47.1%
2021 244 +22.0% —6.4% 17.6% 12.5% -0.17 36.1%
2022 246  -21.3% -22.1% 21.6% 16.1% -0.06 36.4%
2023 239  +27.4% +3.1% 13.9% 12.6% +0.20 43.8%
2024 242 +48.7% -2.9% 24.6% 11.0% -0.24 21.8%
2025 238  +36.9% —0.6% 24.5% 15.7% +0.01 28.9%
2026 (to 8 185 +78.7% -7.7% 30.6% 9.6% +0.06 7.5%
Oct)

Note: days are common trading dates (2025 omits 11-17 June, when 0050 was halted for its split); total returns with
dividends reinvested; volatilities annualized with A; correlations of daily returns; the last column applies (7.7) to each
year's own unrounded estimates. Source: FinMind, retrieved 10 October 2026; data/1m@7_stats.py .
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Exhibit 7: Trailing one-year correlation of daily returns, 0050 and 00679B

— Trailing 243-day correlation === Full-window correlation (2017-2021, 2022-2026)

Correlation of daily returns, trailing 243 trading days

0.40
0.20
0.00
-0.20

-0.40

-0.60

2019 2020 2021 2022 2023 2024 2025 2026

Note: correlation over the trailing 243 trading days; the shaded band is calendar 2022. The dashed line marks the
correlation over each full window, —0.22 for 2017-2021 and -0.02 for 2022-2026.

Identity (7.9) now splits the miss exactly, and Exhibit 8 draws it. With the test-window inputs, the
lowest attainable variance was o2, = 133.15 %? at w* = 25.3%, and the coefficient of the quadratic term
was o7 = 0.07419, half the curvature V" = 0.1484. The in-sample weight was 0.17067 (17.07 points) too
high, which adds 0.07419 x 0.17067% = 21.61 %?. Together, 133.15 + 21.61 = 154.76 %?, the 12.44%
volatility the 42/58 mix actually realized.

REsULT Resolution of the case

The 3.2-point volatility miss had two sources. The minimum itself moved, from 9.2% to 11.5%,
because 0050 became more volatile and the correlation rose toward zero. The weight error added
only 0.9 points, because by (7.9) the penalty is quadratic in the weight error: on the test-window
curve, a 5-point error costs 0.08 points of volatility and a 10-point error 0.32. The realized 12.44%
was still below 00679B's 13.43% and far below 0050's 23.40%, so diversification survived, only
smaller than estimated.
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Exhibit 8: Portfolio volatility against the weight in 0050, estimated in and out of sample

— Estimated on 2017-2021 — Realized in 2022-2026

Annualized volatility of the mix

20%

15%

B e

10%

0% 20% 40% 60% 80% 100%
Weight in 0050 (rest in 00679B)

Note: volatility of a daily-rebalanced mix from (7.8)—(7.9) with each window's moments. A: in-sample minimum, 9.22%
at w = 42.3%. B: ex-post minimum, 11.54% at w = 25.3%. C: the in-sample weight in the test window, 12.44%.

Minimum variance ignores expected returns, which mattered here: over the test window's 4.77
calendar years the 42/58 mix compounded at 8.67% a year and 0050 at 31.12%, while 00679B lost 6.78% a
year.

The tangency portfolio

The portfolio with the highest Sharpe ratio, (1, — r¢)/0op, is the tangency portfolio: on a chart of
expected return against volatility, it is where a line from the risk-free rate touches the set of risky

Example 5 already solved this problem. Maximizing expected excess return for a fixed volatility gave
exposures proportional to (a%el — o19€32, a%ez — 0'1261), whatever the budget. Scaling exposures by a
positive constant leaves the Sharpe ratio unchanged, so the same direction maximizes it. Normalizing it
to sum to one gives the tangency weights

2
09€1 — 012€2
wi* = — 2 , wit =1 — wi*, (7.10)
ose1+ ojes — oia(e1 + ez)

The highest Sharpe ratio follows by evaluating the ratio on that direction. With det ¥ = 0?03 — 03,, it is

SR*? = (03e} — 2012e1e2 + 02e})/ det X. Dividing numerator and denominator by o}o3:

SR? + SR2 — 2pSR1SR»

1—p

(7.11)

Subtracting SR} from (7.11) leaves (SRz — pSR1)?/(1 — p?) > 0. So adding asset 2 raises the best Sharpe
ratio unless SRy = p SR4, which is exactly when its weight in (7.10) is zero. In Example 5, SR*? =
(0.25 + 0.5625 — 0.15)/0.96 = 0.690, so SR* = 0.831.
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When the denominator of (7.10) is near zero the tangency weights explode, as the test-window
estimates in Exhibit 9 show.

The two-asset Kelly fractions

The Kelly investor maximizes the growth rate. With the quadratic model (7.3), the first-order conditions
are

gf, =e1 — (O'%fl + 012f2) =0, 9f, = €2 — (Ul?fl + Ugf?) =0,
a2 x 2 linear system. Eliminating one unknown (Cramer's rule, LM9) gives

o3e1 — o126 o?es — o12€1

A== h=—F7—"" (7.12)
0103 — 019 0103 — 013

The Hessian of (7.3) is — X, with g4, 5, = —0? < 0 and det(—X) = 0?02(1 — p?) > 0 whenever |p| < 1: by
Exhibit 4, a maximum, and global because (7.3) is concave. Three readings of (7.12) connect it to the
rest of the book.

1. Matrix form. A 2 x 2 matrix times a vector is the vector of each row's dot product with it. The matrix

2 J—
> = s < 002 :212> undoes multiplication by ¥ (LM9), and ¥ !e is exactly (7.12). So f* =
—op 2 ) Undoes Muwipueation by & -2

¥ !(p — rs1), the multi-asset Kelly rule of LM43.
2. Kelly is tangency, levered. The numerators of (7.12) and (7.10) are the same. Hence f* = L* wta®,

with total exposure L* = f + f5. The Kelly investor holds the tangency portfolio and chooses only
how much of it to hold.

3. Growth at the optimum. At f* the conditions give f*' ©f* = f*"e = SR*?, so (7.3) becomes g* = r; +
%SR‘Q. With one asset, f* = e/0® = (u — ry)/o?: LM4 derived u/o® with no financing cost, and LM42
adds ry.

EXAMPLE 7

Kelly fractions for 0050 and 00679B, full sample

Use the full-sample estimates of Example 2, arithmetic means p; = 24.251% and ps = —1.047%,
and an illustrative 7y = 1.5%, so e; = 22.751% and e, = —2.547%. Compute the Kelly fractions
(7.12), the tangency weights, SR* and the growth rate of the quadratic model, and compare with
the exact sample growth.
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SOLUTION

det ¥ = 0.040425 x 0.018214 — 0.002866> = 7.281 x 10~%. The numerators are 0.018214(0.22751) —
(—0.002866)(—0.02547) = 0.0040709 and 0.040425(—0.02547) — (—0.002866)(0.22751) = —0.0003776.

So fi = 5.59 and f; = —0.52: in-sample, the Kelly investor would borrow to hold 5.6 times capital
in 0050 and short half a unit of 00679B.

Total exposure is L* = 5.07. The tangency weights (7.10) divide each numerator by their sum,
0.0036933: wt® = (110.2%, —10.2%). With SR; = 1.132, SRy = —0.189 and p = —0.106, (7.11) gives
SR" = 1.134, hardly above 0050's own 1.132: in this sample the bond adds almost nothing to the
best Sharpe ratio.

The model's growth rate is g* = 1.5% + 1(1.134)? = 65.8% a year. The exact sample growth at f* is
lower, 63.7% (Exhibit 3). The exact optimum, found numerically in Section 8, is (5.32, —0.26) with
64.0%. On 7 April 2025 alone, the position at f* would have lost 56.9% of capital, and the exact
optimum 53.7%.

Exhibit 9: Kelly fractions and tangency weights estimated on three windows

e1 e L* = Tangency
Window (0050) (00679B) o1 o2 pfi i fi+fi weights SR*
2017- 17.2% +2.3% 16.4% 13.5% -0.22 7.00 +3.14 10.14 69% /+31% 1.13
2021
2022- 28.6% -7.7% 23.4% 13.4% -0.02 5.17 -4.06 1.11 466% /-366% 1.34
2026
2017- 22.8% -2.5% 20.1% 13.5% -0.11 5.59 -0.52 5.07 110%/-10% 1.13
2026

Note: e; are arithmetic annualized means minus anillustrative r; = 1.5%; fractions from (7.12), tangency weights from
(7.10) and SR* from (7.11), all computed from unrounded estimates. In-sample estimates, shown to illustrate instability,
not as recommendations.
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PITFALL Optimal weights fitted to the past are not recommendations

Exhibit 9 shows how fragile the inputs are. The 00679B fraction flips from 3.1 times long to 4.1
times short between windows, and the tangency weights go from a sensible 69/31 to an absurd
466/-366. Expected returns are the culprit. The standard error of a mean annual return, its typical
estimation error, is about o /+/years of data (LM20). Over the 4.95 calendar years of 2017-2021 that
is 7.36 points for 0050, 39% of its 18.7% mean, and 6.09 points for 006798, more than its 3.8%
mean.

Chopra and Ziemba (1993) found errors in means far more damaging to optimal portfolios than
errors in variances or covariances. Minimum-variance weights avoid means altogether, yet
Exhibit 6 shows that variances and correlations move too. LM35 (estimation error and shrinkage)

RVERY - IRE S EENFIEEH

MEBER/NERBEE v = (03 — 012)/(0} + 03 — 201,) AREIKBERLLBRY > FFE
TREREREN o A3 2017-2021 RYERIEH 0050 & 42.3% ~ TRALKE) 9.22% ; 2022-2026 EFAD

-0.22 7%/ -0.02 (BA#RMEN -0.29 FIE# +0.21) ; HEMEE 17T EEIER ST 0.9 EF

LEHEREKRIFS | 00679B RIE\FILEAITERERZAHARILE +3.14 5% -4.06 - HlFImZE N7
BRIENYIRHES ) » EREATENRERARKREES -

KNOWLEDGE CHECK 5

Two assets have the same volatility o and correlation p < 1. Show that the minimum-variance
weights are 50/50 and that 02, = o%(1 + p)/2. What happens as p — —1and as p — 1?

ANSWER

With oy = 02 = o and p < 1, (7.7) gives w* = (0 — po?)/(20° — 2po?) = 1/2.Then V = 302 +
107+ 3p0” = 0*(1 + p)/2. As p — —1 the risk vanishes (a perfect hedge); as p — 1 it tends to
o? (no diversification). At p = 0 the volatility falls by the factor 1/+/2.

INEQUALITY CONSTRAINTS: THE KKT CONDITIONS

[ ] apply the Karush-Kuhn-Tucker conditions to long-only, policy and leverage
constraints, and identify which constraints bind
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Real mandates are full of inequalities: no short sales, at least 60% in equities, exposure at most twice
capital. LM4 handled one inequality in one variable: a maximum on an interval is either interior, with
k' = 0, or at an endpoint where h’ points outward. The Karush-Kuhn-Tucker conditions, found by
Karush (1939) and again by Kuhn and Tucker (1951), extend that logic to several variables and
constraints; Kjeldsen (2000) tells the history, and LM34 applies the conditions to larger portfolios.

Slack or binding

At the optimum each inequality constraint is either slack, and could be deleted without changing the
answer, or binding, and behaves like an equality with a multiplier. The multiplier's sign must say that
the constraint pushes in the right direction: for a maximization with constraints 1;(x) < b;, relaxing a
constraint can only help, so its shadow price cannot be negative.

THEOREM Karush-Kuhn-Tucker (KKT) conditions

Let h and every ; have continuous partial derivatives. Maximize h(x) subject to ¢;(x) < b;, one
inequality for each i. If x* is a local maximum and the gradients of the binding constraints are
linearly independent (for two of them: not parallel), there are multipliers v; with

Vh(x*) = ZVlVQ/JZ(X*), ’Q[JZ(X*) S bl’, V; Z 0, V; (bz — 'Q/)l(X*)) = 0 (713)

If h is concave and every 1; is convex, these conditions are also sufficient for a global maximum.
Stated without proof; see Nocedal and Wright (2006, Theorem 12.1) for necessity and Boyd and
Vandenberghe (2004, §5.5.3) for sufficiency. For a minimization, apply (7.13) to —h. An equality
constraint enters as in Section 5, with a multiplier of either sign, and must be linear for
sufficiency.

The four parts are stationarity, feasibility, dual feasibility and complementary slackness. Stationarity
says that the uphill direction Vh is a non-negative combination of the binding constraints' outward
normals, so every direction that would raise h leaves the feasible set. Complementary slackness says
that each constraint either binds or has a zero multiplier. As in (7.6), v; is the rate at which the optimal
value rises when b; is relaxed.

The practical method is enumeration. Guess which constraints bind, solve stationarity together with
those constraints as equalities, and keep the candidate only if it is feasible and every multiplier is non-
negative. With two variables and three constraints there are at most eight binding sets to try.

EXAMPLE 8
Kelly with a leverage cap and no short sales

Maximize the growth model (7.3) with the full-sample estimates of Example 7 subject to f; + f, <
2, f1 > 0and f» > 0. The first constraint, illustrative, caps net (total) exposure at twice capital; it
equals gross exposure | fi| + | f2| only when both positions are long. Identify the binding
constraints and interpret the multipliers.
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SOLUTION

The unconstrained optimum (5.59, —0.52) violates the cap and the no-short rule. Of the eight
possible binding sets, the one with all three constraints is impossible (f; = fo = 0 breaks f; +

f2 = 2), which leaves seven; Exhibit 10 solves each. Only one passes every test: the cap and f, > 0
bind, at f = (2,0).

Write the constraints as f; + fo < 2, — fi; < 0and — f» < 0, with multipliers v., v; and vs.
Stationarity reads gy, = v. — v1 and gy, = v, — 1», with 1 = 0 because f; > O is slack at f; = 2.

At (2,0), gs, = €1 — 207 = 0.22751 — 0.08085 = 0.1467, so v. = 0.1467. Next, g, = ez — 20713 =
—0.02547 + 0.005732 = —0.0197, so v, = 0.1467 + 0.0197 = 0.1664. Both multipliers are non-
negative.

In-sample, at the margin each unit of exposure is worth 14.7 points of model growth a year, the
figure to compare with a margin lender's spread over 7. That is a first-order value: exactly, raising
the cap to 2.1 adds 1.45 points, and to 3 adds 12.64.

v, needs care. Relaxing f, > 0to f, > —0.01 lets the investor short 1% of 00679B and, because the
cap limits net exposure, hold 2.01 in 0050. Re-solving gives (2.01, —0.01) and 0.166 points more
growth, as v, predicts. The extra 0050 adds 0.1465 and the short 0.0196: since gy, = —0.0197 < 0,
selling 00679B raises growth. Under a gross cap |f1| + | f2| < 2 the short would use up cap instead:
(1.99, —0.01) loses 0.127 points, and (2, 0) stays optimal.

With the exact growth function instead of (7.3), the optimum is the same and the cap's multiplier
is 0.146 (Section 8).
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Exhibit 10: KKT candidates for the capped, long-only Kelly problem, full sample

Binding Candidate All multipliers Model

constraints (f1, f2) Multipliers Feasible =0 growth

none (5.59,-0.52) — no: breaks the cap, yes (none) 65.76%
shorts 00679B

cap only (4.58,-2.58) v, =0.035 no: shorts 00679B yes 60.42%

f2 > 0only (5.63, 0.00) vs = 0.009 no: breaks the cap yes 65.52%

fi > 0only (0.00,-1.40) 1y = —0.224 no: shorts 00679B no 3.28%

cap and fy > (2.00, 0.00) v. = 0.147, 15 = yes yes 38.92%

0 0.166

cap and f; > (0.00, 2.00) v. = —0.062, yes no -7.24%

0 v1 = —0.295

f1 > 0and (0.00, 0.00) v = —0.228, yes no 1.50%

f2>0 vy = 0.025

Note: model (7.3) with full-sample estimates and r; = 1.5% (illustrative). The cap is on net exposure f; + fo; "cap

only" has gross exposure 4.585 + 2.585 = 7.17. The optimum is the only candidate that is feasible with non-negative

multipliers.

The same logic covers long-only minimum variance. When p > a3 /01, (7.7) puts a negative weight on

the riskier asset; with no short sales the optimum is the corner that holds only the safer asset, and the
multiplier is the slope of V there. The widget in Section 6 reports it, and Practice Problem 9 works an

example.
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is what changes when the mandate changes.

PITFALL Checking only some of the KKT conditions

Every candidate in Exhibit 10 satisfies stationarity. Four are infeasible, and three of those beat the
optimum's growth because they ignore a constraint. Two feasible candidates, (0, 2) and (0, 0),
carry a negative multiplier: relaxing that constraint would lower growth, so it is not what holds
the solution back. Feasibility alone leaves three candidates and the sign test alone four; only (2, 0)
passes both. Check all four conditions of (7.13), and state which constraints bind: the binding set

29/39



KKT fif © FREIZUZRIERR

AENRE] (FAIRE « RERELLE B ER) TREMIAMEARE | RWE (5
h) » MEEAREE > THSB0; MET (8]) > MERFEE » REWA = 0 RnEER
HIBIEETIREENAR - EeEmaitt | REEARHEEVE—EZ 0 - BHHERE
HISRIPLERGI R ERRY - B ERFEFIEEIEIRM > A—F1 - B2 LIRIFEHZRER L
Z—BBBESHRS VRRE » BREARNEFE 147 EE D > IUEERZRNRMEFE
EE#R ; ER—FE(EEt > LIRME 2 MERE 3 BIRZ 12.64 BB DE - XA FENLIRERZ
BRI f1 + fo L TRZE 00679B SRELLZEE NN 0050 ; E _LIRERZMEIRR | f1] + | fo] » THE
g S REE -

KNOWLEDGE CHECK 6

An investment policy, illustrative here, requires at least 60% in 0050. With the full-sample
estimates of Example 2, does this floor bind for the minimum-variance mix? If so, find its
multiplier and the cost of the policy.

ANSWER

Yes: (7.7) gives wi = 32.7%, so the floor binds at w = (0.6, 0.4). For the maximization of -V,
with A on the budget and v on —w; < —0.6, stationarity reads —V,,, = A —vand -V, = A.
Hencev =V, —V,, =0.0462 — 0.0111 = 0.0351 > 0, the slope of V along the switch direction
(1,—1) of Example 2. A 59% floor would cut the variance by about 0.01~ = 0.000351 (exactly
0.000344). Against the unconstrained minimum of 10.64%, the policy costs 2.05 points of
volatility (12.69%).

n MULTIVARIABLE OPTIMIZATION IN PYTHON

[ ] implement numerical gradients, Newton's method and constrained
optimization in Python, and distinguish in-sample optimal weights from out-
of-sample results

Closed forms such as (7.7) and (7.12) need quadratic problems in two variables; the exact growth
function is not quadratic, and real problems have more assets and constraints. Three numerical tools
cover most cases: finite-difference derivatives, Newton's method and a constrained solver.

Numerical gradients and Hessians

Central differences carry over from LM2 coordinate by coordinate, with an error of order §2 for a step 4.
For a mixed partial derivative, difference in both coordinates (the lab applies this to the Hessian):
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_h(z+d,y+d) —h(z+d,y—0)—h(z—65,y+)+h(z—3dy—9)
hay ~ 462

The code below builds the exact growth function g( f1, f2) of Section 3 from the lab's daily returns and
checks its gradient at f = 0 against the mean excess returns.

PYTHON

import numpy as np

# from Part 1 of the lab: daily total returns R1, R2 (0050, 00679B)
# and A = T/years = 243.0543

rf = 0.015 # illustrative r 1

rd =zxf / A # daily financing rate r_1/A
X = np.column_stack([R1, R2]) - xd # daily excess returns, T x 2
def g(f):

"""Annualized sample log growth of exposures £, financed at r_f£."""
return A * np.loglp(xd + X @ f).mean()

def num_grad(fun, x, d=le-5):
e = np.eye(len(x))
return np.array([(fun(x + d * e[i]) - fun(x - d * e[i])) / (2 * d)
for i in range(len(x))1)

print(num_grad(g, np.zeros(2)).round(4)) # [ 0.2275 -0.0255] ~ (el, e2)

Gradient ascent and Newton's method

Gradient ascent repeats fi, .1 = f;, + aVg(f}): step uphill, re-measure the slope, repeat. For the quadratic
model (7.3), whose Hessian is —¥, let m and M be the smallest and largest curvatures u' Yu over unit

a =2/(m+ M), and it shrinks the distance to the optimum at least by the factor (k—1)/(k+ 1) per
step, where k = M /m is the condition number (stated without proof; see Nocedal and Wright 2006). For

the full-sample ¥, m = 0.01785 and M = 0.04079, so k = 2.29, o = 34.1 and the factor is 0.39.

Near its optimum the exact growth function is more curved, with curvatures 0.0198 and 0.0493. The
same step therefore contracts the distance by |1 — 34.1 x 0.0493| = 0.68 per step, and the growth
shortfall by about 0.682 = 0.46.

Newton's method maximizes the second-order Taylor model (7.2) of g at the current point. Setting the
model's gradient with respect to the step A to zero gives the 2 x 2 linear system H (fy) A = —Vg(fz),
solved as in Section 6, and f; . ; = f;, + A: the two-variable version of LM4's iteration. On a quadratic it
lands on the optimum in one step. On the exact growth function, the first step from 0 lands at

(5.5621, —0.5156), near the model optimum (5.59, —0.52), because at 0 the Taylor model is essentially
(7.3). Two more steps reach (5.3186, —0.2641).
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PYTHON

def grad_hess(f):
"""Exact gradient and Hessian of g:
Axmean (X/(1+R_p)) and -Axmean(X X'/(1+R_p)~2)."""
w=1/((1+zxd+ X@ %)
return A * (X * w[:, Nonel).mean(0), -A * (X.T * wxx2) @ X / len(X)

f = np.zeros(2)

for k in range(1, 5):
gr, H = grad_hess(f)
f =1 + np.linalg.solve(H, -gr) # Newton step: H Delta = -grad g
print(k, f.round(4), f"3g(£f):.4%%")

# 1 [ 5.5621 -0.5156] 63.7851%

# 2 [ 5.3231 -0.2675] 64.0296%

# 3 [ 5.3186 -0.2641] 64.0296%

# 4 [ 5.3186 -0.2641] 64.0296%

Exhibit 11: Growth shortfall by iteration: gradient ascent versus Newton's method

— QGradient ascent, fixed step — Newton's method

Growth shortfall g* — g(f_k), log, scale (-6 means 10°°)

-10
0 5 10 15 20 25 30

Iteration k

Note: shortfall g* — g(f};) of the exact sample growth from its maximum, 64.03% a year, starting at f, = 0; gradient
ascent uses the fixed step a = 2/(m + M) ~ 34.1. Each series ends at its first shortfall below 10~1°, drawn on the

bottom edge: far smaller shortfalls approach the rounding error of the computed growth rate (about 10~1%) and vary
from machine to machine.

Newton needs two iterations to bring the shortfall below 10~¢ and three to go below 10~1°; gradient
ascent needs 18 and 30 (Exhibit 11). Newton's shortfall falls from 2.4 x 1072 to 7.0 x 10~ " and then below
10~1%; the number of correct digits roughly doubles at each step. The price is the Hessian: N? second
derivatives and a linear solve per step, cheap for two assets and expensive for two thousand. Gradient
methods dominate large problems for that reason, though they struggle when « runs into the
thousands.
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Constrained problems with scipy.optimize.minimize

For constraints, scipy.optimize.minimize with method="SLSQP" (sequential least-squares quadratic

programming; Kraft 1988) handles bounds, equalities and inequalities. It solves a sequence of quadratic

models, each a small KKT problem. Verify a multiplier the way (7.6) defines it: re-solve with the

constraint relaxed and divide the change in the optimum by the change in the constraint. Recent SciPy

versions also report the multipliers in the result object.

PYTHON

from scipy.optimize import minimize

def kelly_capped(cap):
"""Maximize exact sample growth subject to f1 + f2 <= cap and £ >= 0."""
res = minimize(lambda f: -g(f), x0=[0.5, 0.5], method="SLSQP",
bounds=[ (0, None), (0, None)],
constraints=[{"type": "ineq",
"fun": lambda f: cap - f.sum()3}])
return res.x, -res.fun

f_cap, g_cap = kelly_capped(2.0)

print(f_cap.round(4), f"ig_cap:.4%%") # [2. 0.] 38.8741%
nu_cap = (kelly_capped(2.01)[1] - kelly_capped(1.99)[1]) / 0.02
print(f"shadow price of the cap: {nu_cap:.4f%") # 0.1461

The exact solution agrees with Example 8: the cap and the no-short rule bind, and the cap's shadow

price is 0.146 against the model's 0.147.

IN PYTHON Companion lab

dates and the 0050 split. It reproduces the data exhibits and the examples, and solves the
computational practice problems.

The notebook reads FinMind files that you download once with your own token. From the
repository root, run uv run python data/fetch_finmind.py ,then uv run python

that, the notebook runs offline.
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The Polars-first notebook LMO7_lab.ipynb builds the total-return series, with all 37 00679B ex-

data/make_lab_data.py . FinMind's licence does not allow the book to redistribute the data. After
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KNOWLEDGE CHECK 7

Why does Newton's method reach the maximum of the model (7.3) in one step from any starting
point, but need three steps on the exact growth function?

ANSWER

Each Newton step maximizes the second-order Taylor model at the current point. For (7.3)
that model is the function, because (7.3) is quadratic, so the first step lands on f*. The exact
growth function has third- and higher-order terms, so each step lands only near the
optimum, with a new error of second order in the old one.

SUMMARY

e DPartial derivatives are sensitivities with the other inputs frozen; the total differential (7.1) adds them
to first order. For 00679B in 2022 it missed a cross term of —3.24 points.

e The gradient points uphill, perpendicular to level curves; the Hessian measures curvature. The
second-order expansion (7.2) explained nearly all of the rise in the 42/58 mix's variance, first-order
terms 74%.

e The quadratic growth model (7.3) is accurate to about 1 bp unlevered. At full Kelly it overstates
growth by 2.02 points: 0.35 from the dropped squared daily mean, 1.67 from higher-order terms.

e Interior optima have Vh = 0; the 2 x 2 test (7.4) classifies them through h_, and det H, and
convexity makes a local minimum global.

e Ata constrained optimum Vh = AV (7.5), and the multiplier is the shadow price J'(b) = A (7.6): a
marginal cost, or the best Sharpe ratio for a volatility budget.

e The minimum-variance weight (7.7) needs no expected returns, and \* = 202, . Fitted on 2017-2021
it predicted 9.22% volatility; 2022-2026 delivered 12.44%, mostly because the inputs changed. By

(7.9), the 17-point weight error cost only 0.9 points.

e Kelly fractions (7.12) are the tangency portfolio (7.10) levered by L*, with g* = r; + %SR*2 from
(7.11). Their estimates swing violently between windows: in-sample optima are not
recommendations.

e The KKT conditions (7.13) add non-negative multipliers and complementary slackness.
Enumerating binding sets solves small problems, Newton's method and SLSQP larger ones, and
bumping a constraint checks its multiplier.

PRACTICE PROBLEMS

1.  For h(z,y) = z’y + 3xy?, the mixed partial derivative hy, at (1,2) is:
A. 4
B. 14
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2. A TWD investor holds a USD bond fund. Over a quarter the fund returns -5% in USD and
USD/TWD rises 3%. Compute the TWD return exactly, its linear approximation and the cross
term. Then use h, to estimate the TWD return had USD/TWD risen 4% instead, and compare with
the exact value.

3.  The two-period geometric mean return is h(z,y) = 4/(1 + z)(1 + y) — 1. Derive its second-order
Taylor expansion about (0, 0), evaluate it at ¢ = 20%, y = —10%, and compare with the exact
value. Relate the quadratic term to the volatility drag of LM3.

4. Find and classify all critical points of h(z,y) = z° + ° — 3z — 12y + 20.

5. Atthe minimum-variance portfolio of two assets the budget multiplier is A* = 0.02. If the investor
scales the budget from 1 to 1.05, keeping the proportions, the minimum variance rises by
approximately:

A. 0.0010
B. 0.0020

C. 0.0005

6. Asset 1 has volatility 30% and asset 2 has 15%. For which correlation does the unconstrained
minimume-variance portfolio short asset 1?

A. 0.30
B. 0.45
C. 0.60
7. Two assets have expected excess returns e; = 6% and ey = 2%, volatilities o1 = 20% and oy = 8%,

and correlation p = 0.25. Compute the tangency weights and the tangency Sharpe ratio, and
compare it with each asset's Sharpe ratio.

8. For the assets of Problem 7, compute the Kelly fractions from the growth model (7.3) and the total
exposure. Verify that f* = L*w'", and compute the model growth rate g* with r; = 2%.

9. A broad index fund has o; = 20% and a leveraged fund on a related index has o2 = 40%, with p =
0.95 (illustrative). (a) Find the unconstrained minimume-variance weights and volatility. (b) Find
the long-only optimum and its KKT multiplier. (c) Interpret the multiplier.

10. Maximize the growth model (7.3) for e; = 10%, es = 4%, o1 = 20%, o2 = 10%, p = 0, subject to
fi+ f2 <2, f >0, fy > 0. Report the binding constraints and the multipliers, and compare the
excess growth with the unconstrained optimum.

11. Which statement about in-sample optimization is correct?
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A. The in-sample minimum-variance weight minimizes future volatility.
B. Near the minimum, a weight error raises variance in proportion to the square of the error.

C. Kelly fractions estimated from ten years of daily data are accurate to within +0.1.

12, (Python) With the lab data, estimate the minimum-variance weight (7.7) on each calendar year
from 2017 to 2025 and hold that weight, rebalanced daily, through the following year. In how
many of the nine following years did it produce lower volatility than a 50/50 mix, also rebalanced
daily? Compare the simple averages of the nine annual volatilities with those of the 50/50 mix and
of each year's own (ex-post) minimum-variance weight.

SOLUTIONS

1. Bis correct. h, = 2zy + 3y?%, 50 hyy = 2z + 6y = 2 + 12 = 14; hy, = 2z + 6y as well. A is h,, = 2y = 4,
and Cis h;(1,2) = 2zy + 3y? = 16, the first derivative rather than the mixed one.

2. Exactly, 0.95 x 1.03 — 1 = —2.15%. The linear approximation is  + y = —2.00% and the cross term
zy = —0.15%. With h, = 1 + 2 = 0.95, an extra 1 point of currency gain adds 0.95 points, giving
—2.15% + 0.95% = —1.20%; exactly, 0.95 x 1.04 — 1 = —1.20%. The estimate is exact because h is
linear in y for fixed x.

3.At(0,0):h=0,he = hy = 5, hos = hyy = — and hgy = 1. By (7.2), h = J(z + y) — £ (2? — 22y + y?) =
S(z+y) — 3(z —y)* At (0.20, —0.10): 0.05 — 0.01125 = 3.875%, against the exact 1/1.08 — 1 = 3.923%,
an error of 4.8 bp from third- and higher-order terms. The two returns have mean %(w +y) and
population standard deviation s = |z — y|/2 = 15%, so the quadratic term —%(z — y)? = —s?/21is
exactly the volatility drag of LM3 (3.9).

4.h, = 32> — 3 =0givesz = +1; h, = 3y> — 12 = 0 gives y = +2. With h,, = 6z, hy, = 6y and h,, = 0,
det H = 36zy. At (1,2): det H =72 > 0, h,, = 6 > 0, alocal minimum with h = 2. At (-1, —2):
det H =72 > 0, hyy = —6 < 0, alocal maximum with h = 38. At (1,—2) and (—1,2): det H = —72 < 0,
saddles, with h = 34 and h = 6.

5. A is correct. By (7.6), the minimum variance rises by about A*Ab = 0.02 x 0.05 = 0.0010. Since A\* =
202, , 02, = 0.01, and exactly (1.05% — 1) x 0.01 = 0.001025; the difference is second order. B takes
M* for o2, ; Cdrops the 2in \* = 207 .

6. Cis correct. The numerator of (7.7) for asset 1 is negative when p > o3/01 = 0.5. Only 0.60 exceeds
the threshold.

7.0y = 0.25 x 0.20 x 0.08 = 0.004. The numerators of (7.10) are o2e; — o5e; = 0.000384 — 0.00008 =
0.000304 and 0'%62 — o12e1 = 0.0008 — 0.00024 = 0.00056, which sum to 0.000864. So w'?* =
(35.2%, 64.8%). With SR; = 0.30 and SR, = 0.25, (7.11) gives SR*? = (0.09 + 0.0625 —
0.0375)/0.9375 = 0.1227 and SR" = 0.350, above both.

8. det ¥ = 0.04 x 0.0064 — 0.004> = 0.00024. From (7.12), f; = 0.000304,/0.00024 = 1.267 and f; =
0.00056,/0.00024 = 2.333, so L* = 3.6. Then L*w'® = 3.6 x (0.3519, 0.6481) = (1.267, 2.333), as
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10.

11.

12.

required. The model growth is g* = 0.02 + 1(0.1227) = 8.13%.

. (a) o195 = 0.95 x 0.20 x 0.40 = 0.076 and 03 = 0.04 4 0.16 — 0.152 = 0.048, so wj = (0.16 —

0.076)/0.048 = 175% and wi = —75%: short the leveraged fund. o2, = (0.04 x 0.16 —

0.0762)/0.048 = 0.013, SO oin = 11.40%. (b) Long-only, the constraint w; < 1 binds and the optimum
holds only the index fund, o, = 20%. Here V'(1) = 207 — 2012 = 0.08 — 0.152 = —0.072, so the
multiplier is v = 0.072 > 0. (c) Allowing a 1% short in the leveraged fund (w; = 1.01) would cut the
variance by about 0.00072 (exactly 0.000715). The long-only rule is what stops the investor from
hedging the index fund with the leveraged one.

Unconstrained, f* = (e, /02, e,/02) = (2.5, 4) when p = 0, with total exposure 6.5: the cap binds.
With only the cap binding, stationarity gives e; — 02 f1 = e2 — 02 fs = v.and fi1 + fo = 2,50 0.10 —
0.04f; = 0.04 — 0.01(2 — f1), fi = 1.6 and f> = 0.4. Then v, = 0.10 — 0.064 = 0.036 > 0, both
exposures are positive, and the sign constraints are slack. The excess growth is fie; + foea —

( fiol + f2 02) = 12.40%, against 20.50% unconstrained. At the margin the cap is worth 3.6 points
per unit; raising it from 2 to 3 adds exactly 3.20 points.
B is correct, by (7.9): V(w) — 02, = o2(w — w*)?. A is false, as the case shows. C is false. With 16%
volatility and ten years of data, the mean annual return has a standard error of about 16%/1/10 =~ 5
points. Dividing by o2 = 0.0256 turns that into an error of about +2 in a single asset's Kelly fraction.

The previous year's weight beat the 50/50 mix in 6 of the 9 years, 2018-2026. Average volatility was
10.84% with the previous year's weight, 11.64% for 50/50 and 10.07% for each year's ex-post best
weight, so estimation captured about half of the gain that perfect foresight would have delivered. It
lost to 50/50 in 2019, 2023 and, by 0.002 points (14.253% against 14.251%), 2020.
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GLOSSARY

Term iz Meaning

Covariance HEEE Average product of two returns' deviations
from their means.

Mixed partial derivative BESRES h.,; equal to h,, under continuity.

Gradient HE Vector of partial derivatives; direction of
steepest ascent.

Hessian TSR FERE Matrix of second partial derivatives;
curvature in every direction.

Positive definite IFE A'HA > 0for every A # 0.

Convex function R Positive semidefinite Hessian everywhere;
local minima are global.

Lagrangian KIAR B H KL L = h — A(¢ — b); its critical points give
constrained optima.

Shadow price =B Rate at which the optimal value improves
as a constraint is relaxed, (7.6).

Envelope theorem BARTEIR An optimal value's derivative in a
parameter equals the Lagrangian's partial
derivative there.

KKT conditions KKT &4 Stationarity, feasibility, non-negative

Binding (active) constraint

Minimum-variance portfolio

Tangency portfolio

Kelly fractions

In-sample / out-of-sample

ZREIIC (BRIRH!)

R/NEBRYREHES

YRR EES

A EEBI
AR 1R Ih

multipliers, complementary slackness,
(7.13).

Inequality that holds with equality at the
optimum.

Fully invested mix with the lowest
variance, (7.7).

Fully invested mix with the highest Sharpe
ratio, (7.10).

Growth-maximizing exposures, (7.12).

Data used to estimate a rule versus data
used to test it.
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